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Abstract

Neglecting neighborhood unobservables or shocks may hinder the identification of causal effects.
However, if unobservables are smooth over space and units are paired based on proximity, a neigh-
borhood data transformation can effectively eliminate their influence. This paper studies neighborhood
differencing and within-neighborhood estimation strategies in a finite population framework. We es-
tablish their asymptotic distribution and provide guidance on standard errors adjustment for within and
between neighborhood correlations. We also develop a test for smooth fixed effects, allowing practition-
ers to select the optimal threshold for data transformation. We examine the behavior of the proposed
tools through simulations, showing good finite sample properties. We illustrate the usefulness of our
approach using geocoded data from a clustered randomized experiment.
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1. Introduction

Economic agents are influenced by the characteristics and behaviors of their neighbors. When these
factors are not observed, they might confound the causal effect of an explanatory variable on the outcome
of interest. For instance, better schools tend to be located in better neighborhoods, which complicates
the estimation of the causal effect of school quality on house prices. If the researcher does not observe
neighborhood characteristics, then the impact of school quality may be overestimated (Blackl, [1999).
Similarly, the impact of local taxation on firms’ performance may be confounded by unobserved site-
specific characteristics which affect firms’ location choices (Duranton et al, 2011). In the context of
health-related outcomes, counties in low-regulation states bordering high-regulation states may exhibit
higher cancer death rates due to increased industrial activity and pollution exposure (Kahn, [2004). Esti-
mating the causal impact of local regulations on health outcomes is challenging, as unobserved factors,
such as cross-border pollution, can confound the observed effects.

A popular solution to deal with these issues is to pair units according to their proximity. If neigh-
borhood unobservables are additively-separable and “sufficiently smooth”, then an appropriate linear
transformation can be used to rule them out. This strategy was pioneered by Holmes| (1998)), who ex-
ploited geo-coded data to apply a spatial “differencing” transformationE] Despite its widespread use, the
existing literature neither rigorously investigates the properties of the differencing estimator nor provides
guidance on how to properly select and pair neighboring units. Moreover, when the sample represents
only a small fraction of the population, inference primarily relies on sampling uncertainty. However, as
sampling rates approach zero, such as in surveys or small-sample administrative data, the number of ob-
served neighbors in the sample may be very limited. Conversely, when the sample effectively constitutes
the entire population, as is often the case with spatial data, the availability of observed neighbors is no
longer a concern, and sampling uncertainty becomes negligible.

This paper studies neighborhood differencing (ND) and within-neighborhood (NW) estimators in a
finite population framework. We establish their asymptotic distribution and develop a strategy to test for
the presence of smooth fixed effects and select the optimal threshold for data transformation.

We follow the inferential framework proposed by|Abadie et al.|(2020) and|Xu and Wooldridge|(2022)
to account for design uncertainty and model the spatial dependence. In particular, we adopt a finite
population viewpoint by introducing spatial correlation within the population before sampling. We derive
sufficient conditions to apply the central limit theorem (CLT) of [Xu and Wooldridge| (2022)) under spatial
Near Epoch Dependence (NED, Jenish and Prucha, 2012), which allows for zero sampling probability
in the limit. The neighborhood data transformations (NDT) remove the spatial dependence induced by
the smooth fixed effects, but introduce a mechanical correlation. We find that there is no need to correct
standard errors for this correlation if we are sampling from a superpopulation. Additionally, when the

sampling probability is positive, the finite population asymptotic variance is smaller than that of the

2 Applications of this strategy are many and include studies on the effects of school quality on house prices (Black,|1999, [Fack
and Gret, [2010, |Gibbons et al., 2013} [Harjunen et al.} 2018), the effect of local taxes on firm performance (Belotti et al., 2021}
Duranton et al., 2011), the effects of tax policies on county level outcomes (Chirinko and Wilson| 2008)), the evaluation of
placed-based policy (Eini6 and Overmanl |[2020) and the effect of pollution havens on mortality (Kahnl |[2004).



superpopulation counterpart. This result extends the findings on the conservativeness of finite population
variance estimation (Neyman, [1923| |Abadie et al., 2020, | Xu and Wooldridge, |2022) in the context of
neighborhood unobservables.

This paper extends the linear regression framework in |Abadie et al. (2020) accounting for spa-
tial dependence. In doing so, it exploits lower-level conditions of the M-estimation theory in [ Xu and
Wooldridge| (2022). Our approach is related to, but different from, the pairwise differencing strategies
in |/Auerbach| (2022) and |Druckenmiller and Hsiang (2018]). |Auerbach| (2022) proposes a partially linear
model for network data in which an unknown function of social unobservables drives the linking behav-
ior. The author considers a nonparametric pairwise differencing estimator that removes the unobserved
heterogeneity for units with similar linking behavior. Differently from |Auerbach| (2022), we impose a
higher level condition, i.e., the existence of a neighborhood specification allowing the elimination of
the fixed effects, which enters the model linearly and additively. However, we do not assume any spe-
cific neighborhood formation model. Our framework nests Druckenmiller and Hsiang| (2018) who study
identification and estimation of spatial first differences regression models where the spatial difference
transformation is only applied to first-order contiguous neighbors.

We develop a fixed-sequence testing strategy allowing us to detect smooth fixed effects and, if the data
support their presence, to select the optimal proximity threshold, i.e., the best neighborhood specification,
to transform the data.

Specifically, to test the null hypothesis of non-smooth fixed effects, we propose using the [Mundlak
(1978) approach. This method is particularly well-suited to our setting because, regardless of the selected
distance threshold, neighborhood averages fail to capture fixed effects when they are not spatially smooth.
However, when fixed effects are smooth, these averages effectively detect their presence. Once smooth
fixed effects have been detected, we test for the optimal distance by leveraging the contrast between the
ND and NW estimators. Unlike the standard version of the Hausman test (Hausmanl [1978), we compare
estimators that are both inconsistent under the alternative. As pointed out by [Ruud| (1984), what matters
for a specification test to have power is that it is based on estimators that diverge under the alternative and
that the sampling variance of their difference is sufficiently small. We show that, since our alternative
estimators rely on different functions of the data, they generally converge in probability to distinct points
in the parameter space as the distance increases. Notably, the asymptotic biases of the ND and NW
estimators converge to the OLS bias when the transformation is applied using the maximum observed
distance between units. Clearly, in cases where both estimators exhibit the same degree of inconsistency,
our test lacks power.

We illustrate the usefulness of our approach using geocoded data from the seminal work by Miguel
and Kremer (2004), which investigates the effect of a deworming medical treatment on school absen-
teeism and health status in Kenya. The authors exploit a specific type of field experiment, where the
randomization occurs at the school level, to disentangle the direct average treatment effect from the in-
direct cross-school externalities. We exploit our testing strategy to detect the presence of smooth fixed
effects and to determine whether they extend beyond a specific radius. We detect smooth fixed effects

within a six-kilometer radius - three kilometers beyond the distance selected by the authors. This finding



supports adopting a longer and more granular specification of cross-school externality terms, allowing
for the estimation of a larger and more precise average cross-school externality effect.

The article is organized as follows. Section [2] introduces our statistical model. Section [3] describes
the proposed estimators and studies their asymptotic properties. Section [] presents a testing strategy
to detect the presence of smooth fixed effects and select the optimal distance for data transformation.
Section [5] investigates the finite sample properties of the proposed estimators and test statistics using
Monte Carlo simulations. In Section [f] we illustrate the proposed methodology exploiting geocoded

data from a clustered randomized medical treatment program. Section [7|concludes.

2. The statistical model

Following |Abadie et al.|(2020) and [Xu and Wooldridge| (2022), we consider a sequence of finite
populations subset D,,, where D is a potentially irregular lattice in R% (d > 1), and n indexes a sequence
of finite populations. The location ¢ : 1,...,n — D, C D is a mapping of individual ¢ to its location
£(i) € Dy,. All locations are located at a minimum distance greater than 0. Let {ty(;) ,,, (i) € Dy, n >
1} and {0(;) n, £(i) € Dy, n > 1} be triangular arrays of random fields defined on a probability space
(Q2, F, P). For simplicity, we use the notation {¢;,i € Dy, n > 1} to indicate {t;;) n, (i) € Dpn, n >
1}. Same for the other variables.

Unit 4 in the population is characterized by a potential outcome function, y;(-), which maps the
treatment assignment column vector ¢; = (¢;1, ..., t;x)’ into outcomes. Realized outcomes are denoted
by y;. While potential outcomes and attributes remain fixed through repeated sampling, the outcomes
and the assignment may change. For each population, we have an associated sample, R; = 1 if unit % in
population n is sampled, and 0 otherwise, so that N = ZZ R;. We assume the following linear model

for the potential outcomes

yi(ts) = t;8; + 0; + €, (D

where 6; is a stochastic unobserved attribute arbitrarily correlated with ¢;, €; is an unobserved non-
stochastic attribute, and 3, is a unit-level column vector of treatment responses. The researcher observes
(i, t}, 2%, d;j) for each unit in the sample, where z; is a column vector of non-stochastic attributes, and
d;; is a general proximity measure, i.e., social, economic or geographical distance between units. The
researcher specifies/selects a neighborhood Bid based on a distance threshold d. Thus, economic and
social indicators should be carefully chosen to minimize potential confounding.

Let nf = \Bg| be the cardinality of Bld, i.e., unit ¢ has nf neighbors including 7 itself. We postulate
the existence of a neighborhood specification Bf* for each unit ¢ with d* arbitrary small such that 0; ~
0;,Vj € Bfl*, i.e., there exists with probability one a small area in D where neighboring units share
similar unobservables. This is true if, for example, #; changes smoothly across space. Figure [1| shows
two examples of neighborhood selections. Neighborhoods Bf and B‘Qj (on the left) are based on the
proximity threshold d and B¢" and BY (on the right) are specified using d* < d. The unit-specific

unobservables 6;, ¢ = 1,...,4 are assumed to be smooth over the space considered. This implies that



there exists a neighborhood specification B{l* and B‘zi* where unobservables are approximately equal.
Observe that, n = n$ = 3 while n¢" = n§ = 2. Further, we allow for overlapping neighborhoods, i.e.,
BN B # 0 forall i # k and d.

3. Estimation based on neighborhood data transformations

Let A? be the neighborhood-difference operator. The neighborhood (pairwise) difference transfor-
mation takes the difference between the observations of unit i and each j € BZ\ i, i.e. Aglja:i =x;—x;.
We denote the sample counterpart of the neighborhood-difference operator as Ad. = Rix; — Rjx; =

RZ]A x;, where R;; = 1 if the pair (7,j) is sampled and O otherwise. Let E —; be shorthand for

d_
Py E j—i+1- In the population, the total number of pairs can be calculated as n;, = w

_ Wi
1<j,j€B;\i Rij - 2
sampled units in the neighborhood of unit ¢. Alternatively, the within-neighborhood transformation takes

, while

in the sample, it is denoted as N, = ) , where Nid represents the number of
the difference between the unit 7 and the population average &; = ﬁ > ; ¢j computed considering all
units j € Bd ie. Ad .Li = T; — &;. We denote the sample counterpart of the within-neighborhood
operator as Ai,m ;= Rix; — # Zj Rjx;.

To simplify the derivation of the properties of the proposed estimators, we adopt the same approach

as presented in|Abadie et al.| (2020) and use the following transformations
-1
Aijazi = Aijti — )\Aijzi, where XA = Z E(Aljtl)A”Z; Z AijziAijZ; s

1<j,j€B;\i 1<j,j€B;\1

and

1
Ai,niaji = Ai,niti_ANWAi,nizia where Ayw = <Z E(Az,nl DAY Ry 1) <Z Azn zZi\; Ry 1) 5

which remove the correlation with the attributes, assuming that ) <jjEBi\i NijziAj z},and ) i Din Z2iDNin, z)
are full rank.

Then, the class of least squares ND estimators indexed by the distance threshold d can be defined as
~d N . ~
(BnD> 731VD) = aculrgmln Z (Agj Afj ﬁlczﬁND Azg Z‘YND)2-
(BNDle]i\/D) i<j,j€B;\i

Similarly, we can define the class of NW estimators as

~d d
(BNW77NW) argmin Z imn: Y zn ZIBNW Azm z7NW)2'
BNW"YNW)’ 1

To ease the notation, in what follows, we remove the d superscript unless we want to stress the depen-

dence on d. We now introduce the causal estimands of interest. Let us define the following matrices



1
Az‘jwn = TTP ' Z 'Aijwia
1<j,jE€B;\i
1
AijQy = — Z EA;jw;,
Pli<jjeBi\i
Aijyi\ [ Aijyi
where the expectation is taken over the distribution of & and Ajjw; = | Ajjz; Ajjx; | . Consider
Aijzi Aijzi
the sample counterpart of A;; W,

1 _

AW, = N Ajjw;,
p

i<j,jE€Bi\i
where Aijwi = Aijmi Aija:i . The same notation applies for the NW transformation by substi-

tuting A;; with A; ... Below, we define our causal estimands
-1
Bip) _ (Auh” Ayy” AL
YnD A A’ Ay )

-1
Bvw | _ [Bin " Din 27 Ain S0
Yaw)  \Bin 7 A7) \Ain Q)
where the superscripts used for the blocks denote the partition of interest. Following|Abadie et al.|(2020),

we could also define causal-sample estimands. However, to simplify the exposition, we focus exclusively
on causal estimands[]

The ND and NW estimators are defined accordingly

A° A T A 22\ "' /A x
Bup) _ (BuWa" AW, AyWa? 3)
A% AyWEr N Wz Aywz )’

“c - - -1 /-

/GNW _ A;i,m WTwlx Aldyni Wsz Agﬂ%‘ Wﬁy (4)

Let us now state the main assumptions needed to study the behavior of the proposed estimators as n —
0.

Assumption 1 (Increasing domain). Suppose D,, is a sequence of finite subsets of D such that |D,,| —
0o an n — oo, where the lattice D C R%, with do > 1, is infinitely countable. The location [ :

3For a formal definition of these estimands in the standard OLS framework see |Abadie et al. (2020).



{1,...,n} — D, is a mapping of individual i to its location (i) € D,,. All locations are located at a
minimum distance, dy, greater than 0, i.e, d;; > dp.

This condition imposes a minimum distance requirement and implies that, for any distance threshold d,
there are at most kd® points in Bf and at most kd%~! points in the space BidJrl \ Bld, where k > Ois a
constant (see Lemma A.1 in [Jenish and Prucha, 2009)E] This implies that, given a small threshold d, the
number of neighbors n; is constant. Additionally, considering the space as fixed results in a constant /V;

with N; — n; as n — oo.

Assumption 2 (Removing fixed effects). There exists at least one small distance d* > dy such that,
dligll* E(A%Qi)Q =0 <dli>rg* E(Agniﬁiﬁ =0 ) uniformly ini =1,...,n, and j € B¢ \ i asn — oo.

Assumption [2| is crucial for the consistency of the estimators defined in and (). The key ingredi-
ent is indeed the specification of a shrinking neighborhood such that the resulting data transformation
can approximately rule out fixed effects for an arbitrary small d*. This is true if 6; changes smoothly
across space, i.e., for each 6 > 0 there exists an arbitrarily small distance d* such that \Afj* 6;] < ¢ (or
|A§{*nic9i| < 9) for each unit. Duranton et al.|(2011) impose this continuity condition in the specific case

of geographical proximity. Assumption 2] extends this deterministic condition to expectations.

Assumption 3 (Assignment Mechanism). The assignments t; . ..t, are independent of the sampling
indicators.

Assumption 4 (Random Sampling). a) There is a sequence of sampling probabilities, p,, such that
Pr(R=7)=pp " (1= p)" Ei",

for all vectors v with element r; € [0,1].
b) The sequence of sampling rates, p,, satisfies np, — oo and p, — p € (0,1].

Note that p = 0 is excluded from the range of admissible values for the sampling rate, since in that
case the sample would contain no neighbors, making spatial transformations inapplicable. Assumption
| presupposes the independence between assignments and sampling indicators. However, we allow the
(expected) assigments to be spatially correlated (Xu and Wooldridge, 2022)E] Additionally, Assumption
() (a) and (b) are standard random sampling assumptions for a sequence of finite populations and allow
for the expected sample size to grow with n as outlined in|Abadie et al.[|(2020). Observe that this implies

that for a given d there is a sequence of paired sampling probabilities, p2, such that
Pr(R, =r,) = piziq,jwm Tij(l _ pi)(np—ZKj,jeBi\i n-j)’

for all vectors 7;; with element r;; € [0, 1].

4 Additional details about set cardinalities for irregular lattices can be found in Lemma Appendix A.3

3See Assumption E] below.



Assumption 5 (Moments).  a) There exist some § > O such that the sequences
i Byl **0), & 2 Bl [*40), 5 S (il *+0),

are uniformly bounded

b) Ay, — A2, which is full rank and N; ,, 2y — A 1, 2, which is full rank.

Assumption[5|a) imposes a regularity condition that constrains moments within defined bounds. Observe
that by Cauchy-Schwarz inequality also the average of expectations of cross products, i.e., % Yo ot E(yiy;)
are bounded. Since our causal estimands are functions of population-level averages of second moments
or the expected product of random variables, Assumption [5| ) ensures the convergence of the expected

values of these sequences in the population. The next Lemma shows the convergence of Aij W, and
N W

Lemma 1. Under Assumptions a ), Aij W, —A;Q, 2o,
b) Aiy, Wy — Djn. 2, 20,

In contrast to conventional exogeneity or unconfoundedness conditions, where residuals are assumed to
be mean-independent of the regressors, the following assumption relaxes the strict randomness of the

assignment mechanism.

Assumption 6 (Expected Assignment). a) There exists a sequence of functions f,(z;) such that

E(ti|0;) = fn(2i,0;)

b) there exists a sequence of matrices ¢,, and qy, such that, for all z, as n — oo
fn(z, 9) = ¢nz + qnf.

Assumption [6|implies that the expected value of the neighborhood-transformed assignment depends only
on the transformed attributes when the population is large, the distance threshold is sufficiently small,
and the unobservables are “smooth.” This assumption, together with the transformation in (2)), implies
that A;; Q27" and A;;Q77 (or equivalently, A;,,, ;" and A, ,,,€27%) are matrices with entries that are
approximately zero for large populations.

Observe that, under these assumptions, our causal estimands 3% p and B%y, can be interpreted as
weighted averages of unit-level treatment responses, as in|Abadie et al.|(2020). This interpretation holds
if the sums of the assignment cross-moments are bounded. Further details are provided in Lemma [3]in

Append A

3.1. Asymptotic distributions

We begin by defining the population residuals relative to the population causal estimands, A;je; =
Aijyi — DBy p — NijziGp and A nei = A nYi — Din i B — DinziYSyy- We are agnostic
about the dependence structure of 6;. However, we need to impose some restrictions on the spatial

dependence to derive the asymptotic distribution. We apply a Central Limit Theorem (CLT) as derived



in  Xu and Wooldridge| (2022)), which is a variation of the CLT introduced in {Jenish and Pruchal (2012).
Notably, this CLT takes into account the finite population framework, enhancing its applicability. We
adopt the definition of near-epoch dependent (NED) random fields inJenish and Prucha (2012)). Detailed
definitions, along with the mixing and NED conditions required for the application of the CLT, are
provided in the

To derive the asymptotic distribution of the ND and NW estimators, we first need to strengthen the
identification conditions in Assumption [2]

Assumption 7. Ve > 0, . lim \/NpE|A§lj0i| =0, (ord lim  VNE|AY 6;]) = 0 uniformly
o0 bAg

—d*, n—00 —d*, n—

ini=1,....n,and j € B \ iff

Assumption [/|reinforces the smoothness requirement for 6; so that the ND and NW estimators’ asymp-
totic distributions are centered. We provide the proofs for all the propositions in Section

3.1.1. The neighborhood-difference estimator

We begin by postulating the existence of limits for the components of the asymptotic variance of the

key statistics, Zi<j,j€B¢\z’ AijwiAijEi-
Assumption 8.
1
Bcond: lim — var(N::x:/\: e
[ ST
1<j,jEB;i\i
.1 /
BV — nh_)rgo TTp Z Z COU(AijwiAij5iAklmkAkl5l)7
1<§,j€B;\1 k#i<l,l€ Bk \k
and )
Behw — BY + BCOTLd — nh—>nolon7 Z E(Al]szl]mzA”m;),
PicjjeBiNi
with 1
BY= lim — E(AymiAije) E(AyaiAge;)
nl—>ngonp Z A ( ij LiLij 1) ( ij LiRj 7,)7
1<j,J€B;\t

exist and are positive definite.

We can now derive the asymptotic distribution of the ND estimator viewed as an estimator of the causal

estimand 3% p.

Proposition 1. a) Under Assumptions, [If8] and Assumptions[I0}[I1] and[I2|a) in

VNo(Byp — Bip) 4 N(,A7'BA™Y), (5)

where A = lim A;; Q% and B = p?(B“™ + B®) + (1 — p?) B,
n—oo

®We thank Eric Auerbach for his assistance in providing sufficient conditions for centering the asymptotic distribution of the
estimators.



Given the inherent “mechanical" dependence induced by the NDT, the variance of ) _, <jjeBi\i AjixziAije
will be a linear combination of the sum of the variances of the key statistics B°", a covariance term
B and the expected outer product, B* all of which are weighted by functions of the paired sam-
pling rates. Although this case is explicitly ruled out by Assumption [} when p = 0, representing the
case of a small sample drawn from a large population, the asymptotic variance reduces to the standard
Eicker-Huber-White (EHW) variance. This case bears resemblance to the result presented in [Xu and
Wooldridge| (2022)). The underlying intuition is that, when sampling only a negligible portion of the
population, most of the unit’s neighbors remain unobserved. Consequently, spatial transformations are
generally not applicable and there is no need to correct for any induced spatial dependence. On the con-
trary, when all units in the population are observed B = B"? 4 B¢ the researcher must take into
account the dependence induced by the transformation. Let us further decompose the covariance matrix

as BCO’U — BGCOU _ BUCO'l)’ Where

1

B = lim n, > Y. BAymidgeiduziAe), ©
i<j,j€B;\i k#i<l,l€Br\k
. 1
Bcov _ nh—{%oi Z Z E(AjjziAijei) E(ApzrApe) .

P i<jjeB\i k#i<ll€B;\k

Observe that when p > 0, the difference between the “superpopulation” part of the variance B 4
p? B¢’ and the finite population asymptotic variance B is positive semidefinite and equals p?(B"“ +
B"°?). This result extends the findings on the conservativeness of finite population variance estima-
tion (Neyman, [1923| |Abadie et al., 2020, Xu and Wooldridge, 2022) in the context of neighborhood
unobservables.

In matrix notation, we can write the ND estimator as

Byp = (X D'DX)~(X'D'Dy) (7
where D is the N, x N neighborhood differencing matrix. Hence, if the neighborhood specification

forms the sampled pairs (1, 3), (1,5), (2, 3), and (2,4), among others, the first rows of the neighborhood

differencing matrix will be

10 -1 0 0
10 0 0 -1
D=|(01 -1 0 o0
01 0 -1 0

3.2. The within-neighborhood estimator
For the variance of the NW estimator’s key statistic, expressed as » . A; ;@A ni€;, there are nu-

merous components. Similar to the ND case, we must assume the existence of their limits.

Assumption 9. B5d = lim (1= 2)WVar(we),
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T
By = lim %Zz’n%?zje& Var(z;e;),

h d :
Biliy = Bl + B = lim 13,01 - 2)E(s2mia),

ehwneigh _ puneigh neigh 1. 1 1 2 ol
Byw " = Byy" + By = m 55505 ) ep, Blejzia)),

with By, = lim 2 2(1 = 2)E(xici) E(wie;)
o ‘
By = nh%ngo % > ni? ZjeBi E(zjej)E(xje;), and
Bi _ 1
By = nh_{go % Ez nig ZjeBi Zk;ﬁjeBi cov ((wjfj% (wkgk)>a
B, .
Biyjy = lim 537 5 Y jsien, cov <(wz‘€i), (%‘%‘)) ;

AB, :
BN%BIC = lim % Zz Zk#i cov <(Az,nzwu Ai,nigi)(Ak,nkmky Akmké‘k)) ,

n—oo
exist and are positive definite.

Let By, = Bﬁiw — QB%B‘ﬁV +B ﬁﬁ}'B’“. The covariance can be decomposed in the usual way, as shown
in equation (6)), for the ND case. We can now derive the asymptotic distribution of the NW estimator

viewed as an estimator of the causal estimand 3% .

Proposition 2. Under Assumptions, [I}[7} [9] and Assumptions and[I2|b) in

VN(Byw — B) 4 N(0, Ay Bnw ARy ), ®)

where Anw = lim A, ,,, Q5" and
n—o0 ’

Brw = p(BYH + Biif") + (1 p) (B, + By ") + pBitiy-

The same logic as the ND asymptotic variance applies here. Nevertheless, because it’s not possible
to factor out the sampling indicators, we are compelled to break down the variance by distinguishing
between the individual and neighborhood components of the within-transformation.

The NW transformation can be implemented using a within-neighborhood matrix G,, defined as
G, =1, — C,, where C,, is a n X n matrix obtained in two steps: i) create a (binary) interaction
matrix according to the neighborhood specification; ii) substitute the main diagonal with ones and row-

normalize. In matrix notation, we have

Byw = (X'GLG, X)) (X'G,Gry). 9)

Remark 1 (Non-overlapping neighborhoods). If neighborhoods do not overlap, G, is a projector and
we have a formal equivalence with panel/clustered data econometrics. In this case, if the neighborhoods
have the same size, then the ND and NW estimators are numerically equivalent. Furthermore, the NW
estimator is more efficient. A formal proof applies the GLS device to show that the NW estimator can be
written as a GLS ND estimator (see, among the others, |Arellano| |2013|).
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3.3. Estimation of the asymptotic variance

Now, we shift our focus to the challenge of estimating the asymptotic variance of our causal esti-
mands. Observe that B and B for the ND estimator, and B, Bh9" and BS%Y, for NW
estimator are challenging to estimate because the researcher cannot observe different potential outcomes

for the same unit (Neyman, [1923)). For this reason, we focus on estimating the EHW and the expectation

of the cross-product component of the asymptotic variance, namely B¢ B¢V B, B?\%‘U,nmgh

)

and By We propose the following estimator for the asymptotic variance of the ND estimator

Vyp=A"'BA, (10)
where

B = ) D L=ktkenfich =il Diséiuér i Audy

i<j,jE€B;\i k<l,lE€BL\k
A = Z AUQASIAUQAZ;: Z (Aijti—XAijzi)(Aijti—XAijzi)', where

i<j,j€B;\i i<j,j€B;\i

-1
A = Z AiitiAi; 2, Z AijziAi;2, ) (In
i<j,j€B;\i i<j,j€B;\i

Aijéi = Aijyi — (Dijti — ADijzi) Byp — Dij 235 p. and 1(ijpijke ijic By kjlii) is used to select
pairs for computing variances, and pairs sharing at least one common node. This estimator is a special
case of the general dyadic covariance estimator proposed by [Tabord-Meehan| (2019)). Under our set of
Assumptions, we can show that (I0) is consistent following Lemma 2 in|Abadie et al| (2020). The finite
sample properties of this estimator have been studied in Belotti et al.| (2018) who show, through Monte
Carlo simulations, that (I0) outperforms other robust competitors proposed in the related literature (see,
e.g. [Fack and Gret, 2010). Furthermore, this estimator is similar to the Spatial HAC (Heteroskedasticity
and Autocorrelation Consistent) estimator suggested by | Xu and Wooldridge, (2022)), where weights are
set to one if d;; < d*, and zero otherwise. Observe, however, that this weight definition leads to an
omission of units that overlap between neighborhoods in the summation terms.

Similarly, we can write the NW asymptotic variance estimator as

Vw = Ayl BywARy, (12)
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Byw = Z Z 1B, B0) D € Dby €6 D 1, Bi D,

Ayw = ZA’L ni LA zmw = Z(Al,nztz — S\NWAi,nizi)(Ai,niti — S‘NWAi,nizi)/, where

%

1
Avw = (ZAzmtzAzmz;> <ZAi,niziAi,niZ§> ; (13)

where Ai,niéi = Amiyi — (AZ n;ti — A A n;%i) ,BNW A; 2w, and 1(B,nB,0) s the in-
dicator of the event B; N By # 0, i.e., it selects units that belong to the same neighborhood, as well
as those shared between two neighborhoods. Let us define V§ucov = A=Y (B 4 p2B*v) A~
and V{weor = AL (B + By Ehwnezg "1 pBSy %) Ay - The next Lemma shows that the proposed

asymptotic variance estimators are conservatlve for the finite population asymptotic variances.

Lemma 2. a) Under Assumptions, and Assumption|12|a) in |Z ppendix éZI VNp > V%LB’CO”.
b) Under Assumptions, E] @ and Assumption|12|b) in [zi\ppendix A.2| Vw2 V%L&”/CO”.

We conjecture that we can use attributes information to improve the variance estimator, similar to the
approach in|Abadie et al.| (2020).

4. Testing for smooth fixed effects and optimal distance

In what follows, we propose a sequential testing strategy allowing to test for non smooth fixed ef-
fects, and conditionally on smoothness, test for the optimal specification of the neighborhood. For clarity
and simplicity, we assume that the attributes are uncorrelated with the assignments, i.e. t; = x;. By con-
sidering constant treatment effects, we can formally represent the linear regression function describing
the potential outcomes as

yi(zi) = 2,8+ 0; + €, (14)

where ¢; is assumed to have zero mean and unit variance.

As outlined in the previous section, the proposed estimators outperform OLS only when the fixed
effect 0; exhibits spatial smoothness. Conditional on spatial smoothness, identifying the optimal distance
threshold becomes crucial to satisfy Assumption (2. This natural ordering suggests the application of a
fixed-sequence testing strategy (Westfall and Krishen, 2001). The latter is based on a stepwise procedure
in which, for each hypothesis, testing is conditional upon rejecting all hypotheses earlier in the sequence.
As long as significant results are observed in all the preceding steps, this allows to controls the family-
wise error rate without the need for a multiplicity adjustment (Dmitrienko and Tamhane, 2010). In our
case, we have two sequential null hypotheses. Under the null hypothesis of non-smooth fixed effects, both

the proposed estimators and OLS are inconsistent, rendering the determination of an optimal distance
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threshold irrelevant. Conversely, if the null hypothesis is rejected in favor of smooth fixed effects, testing
for an optimal distance threshold becomes relevant and appropriate.

In order to test for the null of non-smooth fixed effects, we propose to leverage the Mundlak| (1978)
device[] Indeed, as in the case of panel data, in our context, assuming that 6; = « + &,€ + e;, where
e; has zero mean and is assumed to be uncorrelated with x;, and &; = n%l > ;) for all units j € Bld,
provides an alternative way to account for smooth fixed effects. Plugging-in for 6; in equation (14), gives
the expanded model

yi(zi) = a+ 208 + xL€ + v;. (15)

The OLS is a consistent estimator of «, 3, and & in equation (I5) when the threshold d for the NDT
is optimal. The quasi-Mundlak (QM) estimator is particularly useful in this context because, regardless
of the distance threshold, neighborhood averages fail to account for fixed effects when they are not
spatially smooth. However, when fixed effects are smooth, neighborhood averages effectively capture
their influence. This enables us to construct a powerful test for the presence of smooth fixed effects by
simply examining the joint statistical significance of the parameters £ in model (I5)). It is worth noting
that the equivalence between our QM and the NW estimator only holds when neighborhoods do not
overlap, forming clusters. Section [5] presents the finite-sample performance of the QM estimator in the
presence of overlapping neighborhoods, demonstrating a behavior similar to that of NW.

If the null hypothesis of non-smooth fixed effects is rejected, the next step in our sequential test-
ing strategy can be undertaken. To identify d*, the optimal threshold that satisfies Assumption (2), we
propose a test leveraging the contrast between the ND and NW estimators. A similar strategy has been
proposed by [Bartolucci et al.| (2015) to test for time-invariant (versus time-varying) unit effects in gen-
eralized linear models for panel data. In our case, if the ND/NW transformations rule out smooth fixed
effects, then both estimators are consistent for 8, and 3 ND — B NW 2 0. On the other hand, when
the transformation is not able to get rid of the smooth fixed effects, both estimators are inconsistent but
converge in probability to different points in the parameter space, provided that d << dy;qz = sup;; di;.

Under the null hypothesis of optimal distance,

. @ND -p K 0 7 Vyp  Cnpniw 7
Byw — B 0 Cypnw  Vaw

where 7, = VN is the rate of convergence for the NW estimator, the slower one. This implies that
the asymptotic null distribution of 7,8 = Tn(B ND — B ~w) is Gaussian with mean zero and variance
Vs = VNp+VNw — CnpNw — C’ND,NW. Consistent estimators of V' yp and V yy are pro-

vided in under the homoskedasticity assumption. A consistent estimator of C yp nw is
~ = = ~—1 .
CND,NW = ANWBND,NWAND’ with

Bypaw = 6°X'DD'G,G. X,

"We thank an anonymous referee for suggesting the possibility of constructing an “almost exact” Mundlak| (1978) estimator,
which we call the quasi-Mundlak estimator.
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where 62 can be estimated either with or (A.18), and A s provided in for both
estimators/f]

Therefore, our test statistic is
§=mdVy 3, (16)
where 175 = ‘7ND + ‘A/NW — éND’NW — (AJ’;VD,NW, and ‘75_ denotes a generalized inverse of ‘75H
By construction, ‘75 is guaranteed to be non-negative definite. The asymptotic null distribution of é as
n — oo is x? with a number of degrees of freedom equal to the rank of V5.

Similarly to the panel data case, the proposed test lacks power when the ND and NW estimators are
algebraically equivalent — that is, when each unit has the same number of neighbors, and all neighbor-
hoods are non-overlapping (see Remark [T)). The power of the test depends on the degree of divergence
between the ND and NW estimators.

In the following, we examine the inconsistency of the ND and NW estimators in the presence of
spatially smooth unobserved heterogeneity to assess the power of the proposed test. Let us define x; =
o8+ (1— d>2)1/ 2w;, and focus, for simplicity, on a single assignment assuming that F(x;) = 0. Here, w;
represents the random component of the treatment assignment, and it is considered to be uncorrelated to
0; and has zero mean and unit variance. Given a distance threshold d # d*, the ND and NW estimation

errors can then be written as

Yo Ty 5 5= D i< jeB\i ATijAug;
~n =~ = ND — — )
Doy Tl Dicjjenni ATij Az

where, T; = A; p, T, Ax;j = Ajjx; and u; = 0; + €;. The error u; is now stochastic, as the transforma-

Byw — B =

tion is applied at a suboptimal distance and the randomness of 6; is not fully eliminated.
As n — oo, the ND and NW asymptotic biases arem

~ _ p E(.%zﬂl) ~ _ P E(AIL’Z]AUW)

Bnw — B— EGa) BNp — B = E(BwyAny)
We can show that E(%;1;) = ¢7, E(%;%;) = ¢*7+(1—¢?), E(Ax;jAu;j) = ¢AT and E(Az;jAzi;) =
¢2AT + (1 — ¢2), where 7 = E(QZ — §z>2 with _z' = n;l EjGBi 0:, and AT = E(QZ — (9j)2, Vj € B

The estimator asymptotic biases become

o7 PAT
*7 + (1 —¢?)’ P?AT +2(1 - ¢?)

This shows that our test has no power when ¢ = 0 because, in this case, both estimators are consistent

Byw — B85 Byp — B5 (17)

81t is important to note that the differing unit-wise and pair-wise structures of the ND and NW estimators make the derivation
of a robust version of By p, vw nontrivial. Developing a heteroskedasticity-robust version of the test remains an avenue for
future research.

® Generalized inverses are not unique, but Holly and Monfort (1986) show that test statistics of the form (16)) are invariant to
the choice of generalized inverse.

Convergence in probability of the numerator can be proved following the same argument used for the convergence of the

denominators in LemmaE']in Appendix A.
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regardless of the distance threshold used for the NDT, nor when ¢ = +1, because both converge to 5+ 1.
For a sufficiently large n, as d increases, the test loses power because the two estimators’ asymptotic
biases converge to the OLS estimator’s asymptotic bias. Specifically, when d reaches its maximum
value, dpax, all units belong to the same neighborhood, causing the asymptotic biases of both estimators
to coincide with that of the OLS estimator. In all the other cases, the fact that 3 ~p and fé; Nw behave
differently as functions of d represent the source of the increasing power of our test, provided that d <<
dmaz- We show the behavior of the asymptotic biases in using a DGP that resembles our assumptions
(see Section [5|for additional details). Figure 2] shows the behavior of ND and NW asymptotic biases (top
panel) and the corresponding plz‘m(BN D — B ~w) (bottom panel) over the support of d. As expected,
the biases are approximately equal to zero when d = d* is the optimal threshold. Then, they increase
differently as d gets larger and converge to the OLS asymptotic bias when d is close to the maximum
observed distance between units. plim(B ND — B ~Nw ) mimics the behavior of the asymptotic power of
the test, i.e., rapidly increases when d moves away from the optimal threshold, reaches its maximum
when the divergence between the two asymptotic biases is the largest and goes to zero when d = dyq5-
Observe that the class of hypotheses is indexed by the threshold d. Given the sequential nature of
the Hausman-like tests, we suggest starting from a small enough distance threshold and sequentially
increasing it until the null hypothesis of optimal distance cannot be rejected. In doing so, Rosenbaum
(2008)) shows that this procedure allows to bound the probability of rejecting the null hypothesis when it
is true at the nominal size . In Appendix we formally link our testing strategy with the

testing hypotheses in order framework in|[Rosenbaum)| (2008]).

5. Monte Carlo evidence

We now present Monte Carlo evidence on the following aspects: i) the behavior of the variance
estimators in Section [3.3} and ii) the size and power of the two-step testing strategy proposed in Section
For all the analyses presented in this Section, we generate units located on a regular lattice using the

following potential outcomes data generating process (DGP)
yi(w;) = 0; + 28 + €,

where 0; is simulated as @ ~ N (1, V), where the covariance matrix is given by V = exp [—QAT;] . Here,
M represents the Euclidean distance matrix for the regular lattice, and s = 2 is a smoothing parameter
that governs fixed effect smoothness. Alternatively, when fixed effects are assumed to be i.i.d., 6; is
drawn from a uniform distribution, 8; ~ 1[0, 3] [T]

Figure [3| shows the distribution of ; over the lattice for different sample sizes, comparing the
cases with and without smoothness. The population values of ¢; and 3; are set as ¢; ~ AN (0,1), and

Bi = N(z,1), with z; ~ N(2,4). We follow |Abadie et al.| (2020) by keeping fixed 6;, 3;, and ¢;

"For the non-smooth case, we also simulated 0; ~ A (1, 02). The results of these alternative simulation experiments remain
qualitatively similar, but the differing support of 6; makes the graph less clear-cut.
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over simulation repetitions. Thus, the treatment is the only stochastic component of the DGP, and is
generated in each simulation replication. It is correlated with the smooth unobservables according to
z; = ¢0; + (1 — ¢*)'/2w;, where w; ~ N(0,1) is the random part of the assignment and ¢ is the
correlation parameter. All experiments are conducted with 10, 000 simulation repetitions.

To study the behavior of the variance estimators in equations (I0) and (12)), we set s = 2 and
¢ = 0.5, generating a population of size n = 10, 000 units. In each simulation repetition, we randomly
sample units with probability p from this population. We consider four designs with different sampling
probabilities, p = (0.1, 0.5,0.9, 1). Consequently, the sample size N is random for the first three designs
with E[N] = np. For each design and repetition, we apply the ND, NW and QM estimators (see E] and
[I5)) and the corresponding proposed robust variance estimators (see[I0]and[I2)) using the optimal distance
threshold Tablepresents the results. Specifically, we report the standard deviations of ( ﬁ ND—B%Dp)
(Bnw — B%w ), and (Bom — BG ) across repetitions, along with the average standard errors from the
proposed estimators and their corresponding 95% confidence interval coverage rates. For the first design
where p = 0.1, the proposed variance estimators provide accurate estimates of the standard deviations
of (Bnp — B%p) and (Byw — By ), while the EHW estimator is already conservative for the average
causal effect in the case of the QM estimator. When p gets larger, all the considered variance estimators
are conservative, and their coverage rate is almost equal to the nominal coverage. This evidence extends
the findings on the conservativeness of finite population variance estimation (Neyman, 1923, |Abadie
et al., 2020, Xu and Wooldridgel [2022)) to regression models with smooth neighborhood unobservables,
where spatial analogs of first-differencing and within-group transformations are required.

As for the size and power analysis of the two-step testing strategy proposed in Section @ we use the
same DGP as in the previous exercise and set ¢ = 0.5. However, rather than sampling from a larger
finite population, we generate smaller populations of varying sizes, n € 400, 1600, 3600, allowing for
randomness in the error term[)

First, we examine the properties of the test for detecting smooth fixed effects. We generate i.i.d.
fixed effects to assess the test size, while power is analyzed using spatially smooth fixed effects. For
each simulation repetition, we apply the QM estimator for a set of distance thresholds excluding the
optimal distance and test whether the coefficient associated with the neighborhood averages (z;) is equal
to zero using a heteroskedasticity-robust F statistic. Table[2]reports the size (panel a) and power (panel b)
of our test by sample size, along with the mean and standard deviation (SD) of the test statistic. The table
provides two clear takeaways. First, the proposed test exhibits overall small size distortions, especially
as the population increases. However, size distortions tend to rise with larger distance thresholds and
remain moderate when n = 400. Second, the test shows excellent power regardless of the distance
threshold or population size.

Second, we analyze the properties of the Hausman-like specification test, once again setting s = 2

12For the QM estimator, being the OLS estimator of the parameters in model (T3), we use the standard EHW sandwich covari-
ance matrix.

BThis approach is equivalent to drawing a small random sample from a large population. The simulation results remain
quantitatively unchanged when non-stochastic errors are used.
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for generating smooth fixed effects. Figure []illustrates the power of the test as a function of population
size and the distance threshold used to define neighborhoods, starting from the optimal distance. The red
dotted line represents the nominal size o = 0.05. Consistent with the asymptotic behavior of the ND
and NW estimators (see Figure [2]), both estimators converge to the true average causal effect when the
distance is optimal. In this case, under the null hypothesis, the test exhibits a size that closely matches
the expected nominal level. As the distance threshold increases, the two estimators begin to diverge, and
the test becomes highly powerful even for minor deviations from the optimal distance. As expected, as
the population size gets larger, the power of the test significantly improves. However, as the distance
threshold further increases, the ND and NW estimators gradually converge toward the OLS estimator

(see also Figure[2)), resulting in a progressive decline in test power.

6. Empirical illustration: Miguel and Kremer|(2004)

For illustrative purposes, we use data from the primary school deworming project conducted in west-
ern Kenya (Miguel and Kremer, 2004, MK)FEI Worm infection rates were relatively high in this area,
especially among school-age children. Indeed, 37% of interviewed children reported having at least one
moderate-to-heavy helminth infection.

An essential feature of the deworming program is that the randomization takes place at the school
level, allowing the identification of the effect of deworming even in the presence of externalities. As
pointed out by MK, school-level randomization naturally generates local variation in the density of treat-
ment that can be exploited to disentangle the direct treatment effect from the indirect effects, i.e., exter-
nalities across schools.

The authors consider the following spatial externality model

vis = 0+ BT+ Y (uNg) + Y (6aNas) + is6 + €4 (18)
d

d
—_——

observed externalities

where ;5 is an indicator of school attendance or health status, s refers to the school, ¢ to the student, T}
is treatment status, Ny, the total number of pupils in primary schools at geographical distance d from
school s, and Ng;, is the number of these pupils randomly assigned to the treatment, while x;, are school
and pupil characteristics. Thus, the overall average deworming effect is: 5 + ) d(’dede), where Ng;
is the average number of treated school pupils located at distance d from school s. The sample includes
2,328 pupils and 49 schools, 25 assigned to the treatment. The terms denoted by the curly bracket below
in equation (I8) capture cross-school externalities that, in this context, are likely to diffuse smoothly over
space.

Table [3] Columns 3 and 6, replicates the results for moderate-to-heavy helminth infections reported

“Here, we use the updated data available in the Miguel and Kremer (2004)’s replication package, downloadable here. A
detailed description of the deworming program can be found in Miguel and Kremer| (2004). The replication code for the
analysis in this Section is available from the authors upon request.
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in Miguel and Kremer| (2014, Table B.1) using a weighted linear probability modelE] In particular,
Column 6 presents the LPM estimates of model (18]), where both Nde and Ny, are included for pupils
located within 0-3 and 3-6 kilometersm As observed, there is no evidence of cross-school externalities
at a distance of 3-6 kilometers. Furthermore, including this term in the regression renders the average
cross-school externality effect statistically insignificant. Based on this evidence, MK argue that incor-
porating the 3-6 kilometer effect is inappropriate and select the specification that excludes this term as
the preferred model. This specification, replicated in Column 6, yields a statistically significant average
cross-school externality effect and provides a more precise estimate of the overall deworming effect.

While a primary objective in MK is to estimate the overall deworming effect by distinguishing be-
tween direct effects and cross-school externalities, our focus here is on testing for the presence of local
smooth fixed effects. Such effects may arise from imperfect randomization, selective school absenteeism,
treatment non-compliance, or infection transmission dynamics, potentially introducing bias in the esti-
mation of the overall deworming effect (Miguel and Kremer, 2004). Importantly, they may also capture
observed, potentially smooth, externalities.

To address this, we first use the QM-type regression in equation (13)), which can be interpreted as a
homogeneous version of the MK model in equation (I8), to test the null hypothesis of non-smooth fixed
effects. Specifically, we estimate the following model using OLS

Yis = Oé—i-ﬁTs—Jr’)’ng; + 260 + €. (19)

Notably, our test does not require including Ny, in the model, as in equation (I8), since this term is
essential for capturing cross-school externalities but redundant when testing for smooth fixed effects. If
smooth fixed effects are detected, the next step is to apply the Hausman-like specification test in (16) to
determine the optimal distance at which they no longer pose a problem for inference. Given the structural
similarity between QM- and MK-type regressions, this distance allows us to specify an MK-type model
that effectively captures cross-school externalities while minimizing potential bias from locally smooth,
correlated unobservables.

Table ] Column 5, shows that the null hypothesis of non-smooth fixed effects can be rejected at all
distances except 2 kilometers, indicating the presence of smooth, correlated unobservables. Additionally,
Column 6 reveals that 4 kilometers is the first distance threshold at which we fail to reject the null
hypothesis that ND and NW estimators are equal Interestingly, at 5 kilometers, the null hypothesis is
rejected again, but from 6 kilometers onward, it is no longer rejected. We interpret this as evidence that
some smooth fixed effects may persist beyond 4 kilometers, suggesting that the MK-type model should
account for a finer specification of externalities up to 6 kilometers. This specification helps control for

5We specifically refer to Columns 2 and 3 of Table B.1 in the Miguel and Kremer{(2014] replication manual), which updates
the results in Table 7 of the published paper. We thank the authors for kindly providing us with the matrix reporting the
geographical distance between schools.

15t is important to note that, while MK present average treatment effects from a probit model, our LPM replication closely
approximate their results.

" The test statistic is computed by contrasting the B coefficient in model (T8), after partialling out all other regressors.
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unobserved local heterogeneity while improving the identification of cross-school externalities.

Guided by this evidence, we also estimated model (18] using a more granular specification of cross-
school externality terms. Table [3] Columns 1 and 2, present these estimates. We find that specifying
externality terms in 2-kilometer steps captures larger and more precisely estimated average cross-school
externality effects, which are statistically different at 5% (y2-stat = 5.85 for the difference between the
two effect from those selected by MK, and reported in Column 6. This result also underscores that
including the 4-6 kilometers externality effect is justified from a mean squared error perspective, as

advocated by the authors (Miguel and Kremer, 2014, Replication Manual, Section 4.9).

7. Concluding remarks

Nowadays, there is a growing availability of larger datasets incorporating geo-coded information. If
inference relies on sampling uncertainty, the researcher may find that only a few neighbors are observed
in the sample when the sampling rate is negligible. Conversely, sampling uncertainty approaches zero
when the sample effectively represents the entire population, as is often the case with spatial data.

This article proposes estimation strategies based on neighborhood data transformations (NDT) for
models with additively-separable smooth unobserved heterogeneity. The proposed framework integrates
design-based with sampling-based uncertainty. We study the asymptotic properties of the neighborhood
difference (ND) and within neighborhood (NW) class of estimators. Following the inferential framework
outlined by |Abadie et al.| (2020) and [Xu and Wooldridge| (2022) to account for design uncertainty and
model the spatial dependence, we adopt a finite population viewpoint by introducing spatial correlation
within the population before sampling. We propose a testing strategy to assess whether fixed effects are
spatially smooth by leveraging a quasi-Mundlak approach and selecting the optimal distance based on the
contrast between ND and NW estimators. Through Monte Carlo simulations, we validate the theoretical
predictions about the finite population asymptotic variance and evaluate the performance of the proposed
variance estimators. Further, we study the size and power of our testing strategy across varying threshold
distances. We find that, as suggested by theory, ND and NW estimators approach consistency when the
fixed effects are smooth and the distance threshold used for transformation is optimal. When the distance
threshold increases, the estimators start diverging, making powerful the test based on their contrast.

Finally, we illustrate the usefulness of our approach using data from the seminal study by Miguel
and Kremer| (2004) on a health program in Kenya. While the authors leverage school-level randomiza-
tion to identify direct and indirect average treatment effects, we focus on testing for local smooth fixed
effects and determining the optimal distance threshold. Applying an NDT at different thresholds reveals
significant smooth fixed effects up to six kilometers, supporting an MK-type specification that includes
all cross-school externality terms, rather than only those up to three kilometers, as originally suggested
by the authors. Notably, we find that the average cross-school externality effect is larger and more pre-

cisely estimated. This suggests that expanding similar interventions across a wider geographic area could

'8We run the test using standard errors clustered at school level and taking into account the covariance between the two average
cross-school externality effects.
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amplify their overall impact, maximizing health benefits at a lower marginal cost.
Future extensions of our framework naturally include partially linear and nonlinear models, along

with the formal derivation of the quasi-Mundlak estimator’s properties.
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Figure 2: Asymptotic biases of ND and NW.

44 oLs
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Notes. The top graph reports the asymptotic biases in (T7) at different distance thresholds d € [d*, sup,; d;j]. The dotted red line indicates
the bias of the OLS estimator. The bottom graph shows the computation of plim(B ND — B ~w ) based on the difference of the ND and NW
asymptotic biases inE 0, is generated according to the data generating process described in SectionEl setting ¢ = 0.5 and n = 3, 600.
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Table 1: Monte Carlo evidence: Standard errors and coverage for nominal 95% confidence intervals

ND
p=01]p=05|p=09|p=1
sd(B — 5 0.248 0.072 0.048 | 0.046
Coverage based on sd(3 — 5¢) | 0.948 0.936 0.954 | 0.946
Average se 0.249 0.076 0.053 | 0.050
Coverage based on se 0.943 0.949 0.967 | 0.961
NW
p=01]p=05|p=09|p=1
sd(B — ) 0.246 0.073 0.049 | 0.048
Coverage based on sd(3 — 8¢) | 0.951 0.942 0.952 | 0.949
Average se 0.248 0.076 0.053 | 0.050
Coverage based on se 0.950 0.949 0.967 | 0.953
Quasi-Mundlak
p=01]p=05|p=09|p=1
sd(B — 5 0.238 0.069 0.047 | 0.046
Coverage based on sd(3 — 3) | 0.946 0.941 0.945 | 0.950
Average se 0.243 0.073 0.052 | 0.049
Coverage based on se 0.948 0.953 0.968 | 0.957

Notes: The table reports the standard deviation of (/3’ — B¢) over replication, the coverage for nominal 95% intervals for different
sampling rates: p = (0.1,0.5,0.9, 1) for a population of n = 10,000 units with 3; = N (24, 1), with z; ~ N (2,4). We employ
10, 000 simulation repetitions.



Table 2: Size and power analysis of the test for smooth fixed effects by sample size (Step 1)

(a) Non-smooth (b) Smooth
n = 400 n = 400
d Mean SD  Size d Mean SD  Power
0.75 0.8 1.12 0.026 075 114 640 00911
1 0.8 1.22  0.035 1 219 897 0997
125 038 1.13  0.029 1.25 264 9.67 1.000
1.5 0.9 1.30 0.039 1.5 29.1 10.21 1.000
1.75 0.8 1.10 0.026 1.75 293 10.05 1.000
2 0.8 1.11 0.028 2 30.1 10.30 1.000
225 08 1.17 0.029 2.25 29.8 1039 1.000
2.5 0.8 1.08 0.023 2.5 27.2  9.51 1.000
275 07 098 0.019 275 253  9.17 1.000
3 0.7 1.06 0.024 3 235 879 0.999
325 0.7 096 0.015 325 192 7.88 0.997
3.5 0.7 097 0.017 3.5 16.0 7.08 0.986
n = 1600 n = 1600
d Mean SD  Size d Mean SD  Power
075 09 1.36 0.046 0.75 789 16.80 1.000
1 0.9 1.30 0.039 1 944 18.20 1.000
1.25 1.0 136 0.046 1.25 1004 18.74 1.000
1.5 1.0 1.32 0.042 1.5 102.9 18.84 1.000
1.75 1.0 148 0.056 1.75 103.9 1898 1.000
2 1.0 144 0.054 2 101.1 18.81 1.000
2.25 1.1 1.48 0.057 225 97.2 18.15 1.000
2.5 1.1 1.60 0.066 2.5 92.6 17.68 1.000
2.75 1.2 1.62 0.071 275 855 16.64 1.000
3 1.2 171 0.076 3 772 15.84 1.000
3.25 1.3 1.74 0.083 325 68.6 14.84 1.000
3.5 1.4 1.84 0.090 3.5 58.2 1342 1.000
n = 3600 n = 3600
d Mean SD  Size d Mean SD  Power
0.75 1.1 1.50 0.058 0.75 368.7 39.31 1.000
1 0.9 1.33 0.043 1 397.6 40.89 1.000
1.25 09 1.25 0.039 1.25 410.5 4140 1.000
1.5 0.8 1.18 0.031 1.5 4149 4158 1.000
1.75 09 1.24 0.036 1.75 4119 40.74 1.000
2 0.9 1.22  0.035 2 398.3 40.00 1.000
225 09 1.24 0.038 2.25 380.9 3856 1.000
2.5 0.9 1.22  0.035 2.5 3572 3697 1.000
275 09 1.22 0.036 275 331.1 3490 1.000
3 1.0 1.30 0.042 3 3024 33.11 1.000
3.25 1.0 129 0.042 325 2759 3053 1.000
3.5 0.9 1.26 0.039 35 2482 2840 1.000

27

Notes: The table reports the size (panel a) and power (panel b) of our test by sample size, along with the mean and standard deviation

(SD) of the test statistic. We employ 10, 000 simulation repetitions.
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Figure 4: Power curve of the test for optimal distance by sample size (step 2).

n=20 —— n=40 —— n=60

Notes. The optimal distances are d* = 0.75 (n = 20), d* = 0.40 (n = 40) , and d* = 0.25 (n = 60). The distances reported on the x-axis
has been shifted so that all three lines originate from the same starting point (d* = 1). At the optimal distance, the test operates under the null
hypothesis, with the plot displaying the size of the test. As d increases, the lines depict the power of the test (10,000 Monte Carlo replications).
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Table 3: Replication and new evidence on the findings of Miguel and Kremer| (2014) (Any moderate-heavy

helminth infection, 1999)

lkmstep | 2kmstep | 3kmstep | lkmstep | 2kmstep | 3km step
(long) (long) (long) (short) (short) (short)
Indicator for Group 1 (1998 Treatment) School | -0.199%** | -0.240%** | -0.297*** | -0.256%** | -0.272%%* | -(0.318***
(0.0555) (0.0531) (0.0548) | (0.0495) (0.0496) | (0.0501)
Group 1 pupils within 1 km (per 1000 pupils) 0.627* 0.608*
(0.3466) (0.3578)
Group 1 pupils within 1-2 km (per 1000 pupils) -0.061 -0.144
(0.1349) (0.1418)
Group 1 pupils within 2-3 km (per 1000 pupils) | -0.325%%*%* -0.296%#%*%*
(0.0929) (0.0983)
Group 1 pupils within 3-4 km (per 1000 pupils) | -0.302%* -0.068
(0.1168) (0.1022)
Group 1 pupils within 4-5 km (per 1000 pupils) -0.061
(0.0931)
Group 1 pupils within 5-6 km (per 1000 pupils) -0.072
(0.1076)
Group 1 pupils within 2 km (per 1000 pupils) 0.025 -0.093
(0.1517) (0.1492)
Group 1 pupils within 2-4 km (per 1000 pupils) -0.280%** -0.217%%*
(0.0773) (0.0773)
Group 1 pupils within 4-6 km (per 1000 pupils) -0.083
(0.0562)
Group 1 pupils within 3 km (per 1000 pupils) -0.186%* -0.205%*
(0.0873) (0.0814)
Group 1 pupils within 3-6 km (per 1000 pupils) -0.047
(0.0687)
F-stat 5.804 4.496 2.297 8.022 4.820 6.344
(p-value) 0.000 0.007 0.112 0.000 0.012 0.015
R? 0.519 0.508 0.505 0.510 0.503 0.502
Avg overall cross-school externality effect -0.217 -0.218 -0.127 -0.100 -0.135 -0.084
(t-stat) -2.879 -2.997 -1.339 -2.320 -3.098 -2.519
Overall deworming effect -0.416 -0.458 -0.424 -0.355 -0.407 -0.402
(t-stat) -5.975 -7.410 -5.484 -6.743 -7.842 -8.080

Notes: Grade 3-8 pupils. Linear probability model estimation, cluster robust standard errors at school level in parentheses. Observations are weighted by total school
population. Significantly different from zero at 99% (***), 95% (**), and 90% (*) confidence levels. The 1999 parasitological survey data are for Group 1 and Group 2
schools. The pupil population data is from the 1998 School questionnaire. The specification includes the same set of control variables used in|Miguel and Kremer|(2014):
grade indicators, school assistance controls, district exam scores and the total number of children attending primary school within a certain distance from the school. The
F-stat reported in the bottom panel is testing the joint statistical significance of the cross-school externality terms included in the model. R? is the adjusted R?.



Table 4: Testing for non-smooth fixed effects and optimal distance.

#pupils avg neighbors # pairs Hp: non-smooth  Hy: Optimal

Distance fixed-effects distance
2 Km 1,502 69.14 25,962 0.38 14.16
(0.542) (0.000)
3 Km 2,088 133.02 69,438 4.65 7.23
(0.036) (0.007)
4 Km 2,328 190.97 111,143 4.59 1.45
(0.037) (0.228)
5 Km 2,328 291.96 169,923 5.25 4.40
(0.026) (0.036)
6 Km 2,328 389.44 226,651 5.20 1.08
(0.027) (0.299)

Notes: The table reports test statistics and p-values (in parentheses) for the two-step testing strategy by distance
thresholds for the sample of Grade 3-8 pupils. For additional details see Section 4}
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Appendix A. Appendix

Appendix A.1. NED conditions and CLT

We first introduce useful definitions based on the NED and mixing concepts in [Jenish and Prucha
(2012) and | Xu and Wooldridge| (2022)).

Definition 1. For any random vector Y, ||Y||, = (E|Y|p)1/p denotes its Ly-norm. Denote F; ,(s) as a
o-field generated by the random vectors 0’s located within the neighborhood B;, which is a ball centered
at the location (i) with a radius s in d°-dimensional Euclidean space D.

Definition 2. Let M = {M;,,i € D,,,m > 1} be a random field, and let @ = {0;,i € T,,,n > 1} be
another random field, where |T,,| — oo asn — oo. Let v = {v,i € D,n > 1} be an array of finite
positive constants. Then the random field M is said to be Ly(d)-near-epoch dependent on the random

field 0 if:
[ Min, — E(Min| Fin(s))llp < vinib(s)
for some sequence 1(s) > 0 with li)m Y (s) = 0. The v(s) are called the NED coefficients, and the v;,

are called the NED scaling factors. M is said to be L,-NED on 0 of size —X if {(s) = O(s™H) for
some p > X > 0.

To derive the limiting distributions of our estimators we need to assume that both y;, and a; are NED on
0; that is a mixing process. This is true for example if ; is an infinite moving average random field (so
that it can be assumed to be smooth over the space) under some conditions, i.e. §; = >_ jezd bi;¢j, with
Slggo SUp,, jezd ZjEZd,dij>s |bijm| < 0, and sup,, ;eza ||Cinl|p is finite with p > 1 (Jenish and Prucha,
2012). The NED property is preserved when performing summation, multiplication, and Lipschitz trans-
formations, thus the NED properties will be preserved under NDT. In accordance with the approach
described in (Xu and Wooldridge (2022), we adhere to the mixing definition presented in Bradley and
Tone (2017). The distance between any subsets K, V' € D is defined as d(K,V) = inf{d;; : i €

K,and j € V}.
Definition 3. Ler A and B be two sub-c-algebras of F, and let

(A, B) = sup (|P(AB) — P(A)P(B)|,A € A, B € B)

and
:0(“47 B) = sup|c0rr(f, g)‘af € L%eal(A)?g € L%eal(B)'

For K C D, andV C Dy, let 0,,(K) = 0(0;,1 € K) and a,,(K, V) = aop(K), 0n(V)).
Then, the a-mixing coefficient for the random field 0 is defined as:

a(r) = supsup (o (K, V), d(K,V) > 7).
n K,V

The maximal correlation coefficient is defined as:

p(r) = supsup (pn(K,V),d(K,V) >r).
n K,V

Based on Lemma B.4 from|Xu and Wooldridge|(2022)), we employ a modified Central Limit Theorem
(CLT) for Non-Equidistantly Dependent (NED) processes to establish convergence in distribution.
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Theorem 1 (CLT for NED processes). Let {g,;,0 < i < D,,,n > 1} be a real valued zero-mean
random field that is Ly—NED on @ = {6, ,,,i € D,,, n > 1}, with the scaling factors v;, and the NED
coefficients 1)(s). Let us define, Qn, = Y icp %qm and op, = Var(Qy). Let us assume

a) sup,, ;ep, E(|qni/cin|)*° < oo for some § > 0, where c;,, > 0 is a sequence of constants.

b) for any fixed s > 0, there exist a positive constatnt C' such that for any n and every nonempty
set K'C Dy B(Siege B Bqui/jal F(9)? 2 C S B(L B(gui/ jul F())2. where i =

max;ep, {Cin, Vin },
c) inf, |Dy|~1j 202 > 0,
d) NED coefficients 1(s) is of size —v,

e) NED scaling factors satisfy sup,, ;cp,, ci_nlum < C < o0,

then, under Assumptions and

Qnot %5 N(0,1).

n

To establish the asymptotic normality of 3 and 3y, we need to introduce additional technical
conditions for the application of Theorem |1} These supplementary assumptions may not be straightfor-
ward to interpret, as exemplified in prior work (see, for example, Jenish and Pruchal,[2012). You can refer
to Lemma [4] and [6] for a detailed examination of how these conditions are applied. We provide a list of

these conditions below.

Assumption 10 (Mixing condition). For the input random field 0: (i) a(r) — 0 as r — oo; (ii)
l'i)m p(r) < 1.
T oo

Assumption 11 (NED condition). The random field M = (y,x) is La—NED on 6 = {0;,,1 € Ty,,n >
1} with the scaling factors v and the NED coefficients 1) (s) of size —v .

Assumption 12. a) ND estimator: let Aijgi = Aijyi—Aijwi/@cs—Ai]’Z{)’cs and AZ]Vm, = a’Aij:ciAijsi

for any conformable vector a. We assume, that, inf,, , n,

iJ
i<jeB;\i \/P?z

pij)), and sup,, ;ep, Vin < 0. Furthermore, there exists a constan C' such that,

> > E<E (Aijvi

1<jeB;\i k£i<leBi\k

]:in(s)>E<Alek

]-";m(s)>> > C.

b) NW estimator: let Ai,niei = Az,nzyz — Aimwi,ﬂc — Amizi'yc and AZ,TLZVTL’L = a’Ai,nimiAiynisi

for any conformable vector a. We assume that inf, n=to2 > 0, where o2 = Var(}, \/%(Rﬂ/; -

n%, Zj R; Vi — pp(pi — n% Zj t5)), and sup,, ;e p, Vin < 00. Furthermore, there exist a constant C' such

that Z Z ; <E (Vi

i ki

Sy E(E(L 2

i ki

En(3)>E(Vk

fkn(5)>> > C,

o) 5 3

Fil9)) = €

162 > 0, where 02 = Var(> L(Aijvni_
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Appendix A.2. Proofs of propositions

Under Assumption [2] it’s important to note that all expectations and probabilities are implicitly con-
ditioned on d = d*. Throughout the subsequent proofs, we frequently rely on Assumption [3|(the Assign-
ment mechanism) without explicit reference.

Proof of Lemma 1] a).
The proof follows the same argument as in|Abadie et al.|(2020). Let

np = .
i<j,j€B;\i

1
1<j,j€B\i
/
Ajjyi\ [ Aijyi
where the expectation is taken over the distribution of x and A;;w; = | A;jx; Ajjx; | . Consider
Aijzz- Al‘j zZ;
the sample counterpart of A;; W,
- 1 -
Ajj Warr Ajjwi,
P p
1<j,j€B;i\t

Az‘jyi Aijyi /
where Aww, = A”:BZ AUiBZ
Aijzi Aijzi
Let AijI/Vi(k’l) be the (k,[) element of the matrix A;;W,,, the same apply for the other matrices. By
Assumption [4|for any fixed 0 < e < 1, there is 1, ¢ such that n, > ny, ., we have n,p2 > —log(e). So,

for n, > n, . we have

2 Np Np
P’I"(N — 0) =(1-— nepPr <14+ log(e) < elog(e) — e
8 Np Np

This implies that Pr(/N,, = 0) — 0 and
E<(A,»jWZ.(k’l) — A2 N, = o) Pr(N, = 0) = (A;*)2Pr(N, = 0) = 0

by Assumptiona ), Holder’s inequality, and w.1.0.g. assuming that the elements of Aij W, = Aij Q, =
0 when N, = 0. For any integer 1 < n; < n,,, observe that

E(Zf&jw(k’l) —E(Aijw,““’”)\zvp - n) = T2 B(Ryj (0"~ )N, = m) ~B(Ayu{") =0
P

(A.1)

given that F(R;j|N, =n;1) = =

np "
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Now, to show the convergence in probability of the terms of interest we compute the convergence in

(conditional) quadratic mean. We start with the following term

1 Np % k.l k.l 2

np = .
i<j,j€B;i\i

We can rewrite this as:

2
2 <E<X7p&ngk’l) - E(Aingk’l)))
- p

1 Np % k,l k,l Ny ~ k.l k.l
+n2< > > E((J&jwz( '~ B ))> (anfgw} )~ B(Apgu >)>

P Ni<jjeBi\i f#i<g,g€Bs\f

N, = n1> (A2)

Thus, the first term of (A.2)) becomes

Np = n1>.

1 Ny ~ 2 1 Ny ~ 2
a0 B(atmeu ) =) < (5 B(FAl) (=)
D

p p

P Ni<jjeBi\i i<j,j€Bi\i

Then,

2
1( > E(Xf Az’j“%“’”) ‘sznl) =

2
n
P Ni<jjeBi\i P

1y " (R — wED)N, — )2
= 2 (Rij(w; w,; p=m

2
n
P Ni<jjeBi\i L

1 n2
=n2< 2 7;;E<R%j|Np=n1>E<<A@-jw§’“”>>2>).

P Ni<jjeEB\i L

So, conditional on N,, = n1, we can factor for E(R;;) = =t
P

1 nyp (kby2) o ©
“a( X Treetr) < 2
1<j,jEB;i\i
where the last inequality holds by Assumption[5|a) for large n,,.
Let

2
Aingk’l) — E(Aingk’l))> if ng1>0

[1]:

Il
/7~
3
*32‘%3

ny i<j,j€B;\i
0 Zf ny = 0
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and
C/ny if n1 >0

0 ’Lf n1:0

—

—
—ny —

1 np * k,l k|l 2 = -
E((n 3 FpAing ) — B(A w! ))> 'Np > 0) Pr(N, >0) = E(Ey,) < E(Zx,).
Pi<jjeB\i P

Now, we want to study the behavior of =y, when n,;, goes to infinity. Observe that, for any ¢ > 0,
Pr(En, >¢€) < Pr(0 < N, < C/e) < Pr(N, < C/e) because Zy, can be also zero and the last
interval includes the previous ones. Now for any € > 0 if we apply the Chernoff’s bounds to a sum of

bernoully rvs we have:

Pr(N, < C/e) = Pr(N, < (1 —0)nyp2) < exp(—8*npp2/2) — 0,

where § = %7;20/6). Thus, Zx, = 0p(1) and given that it is bounded also E(Zy,) = o(1). Let us

denote E(Aingk’l)) = i;. The second term of (A.2) becomes

1 Np ~ k.l k,l Np % k1 k,l
n2< > ) E<<,,£Aijw§ '~ B ))> <7£Afgw§f '~ B(Agguf ))) ‘Np = ”1> =
p

1<j,j€B;i\i f#i<g,9€Bs\f
(A.3)

1 k|l kl
= ng( Z Z <E(Aijw§ )Afgw; )) — 2pfghtij + Mz'jﬂfg>)

1<j,j€Bi\i f#i<g,9€Bys\f

1 k,l k,l
= n2< > > <E(Aijw§ A gguf™) = gy ) ) =0,
P YNi<jjeBi\i f#i<g.g€Bs\f
given that E(R;;|N, = n1) = Z—; in the second equality, by Assumptiona ), and ng that is dominating

the convergence. Therefore,

1 M A (kD) ko)) _

np = .
1<j,jEB;i\i

[
Proof of Lemma [1]5).
Let )
Ai,ni W, = g Z Ai,niwz’
(2

1
Rin o = — > EAjw,
i
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Ain,Yi Ain,Yi
where the expectation is taken over the distribution of & and A;,,w; = | A, ; JAVR. 7

A, Zi IAVE-2
Consider the sample counterpart of A; ,,, W,

- 1 -
Al,nZWﬂN§ Ai,niwia
i
~ ~ /
A, Yi A Yi
where A p,wi = | Ajp,xs | | Ainy i
Ai,nizi Ai,nizi

Let A; , Wi(k’l) be the (k, 1) element of the matrix A; ,,, W, the same apply for the other matrices. By
Assumptionfor any fixed 0 < € < 1, there is n such that n > n., we have np, > —log(e). So, for

n > n. we have

Pr(N =0) = (1 — ”5”) < <1 n 501(6)> < ologle) — .

This implies that Pr(N = 0) — 0 and
i

E((Ai,mwf’““ — A, N2 N = o> Pr(N =0) = (Ain, Q")2Pr(N =0) = 0

by Assumption [5|a), Holder’s inequality, and assuming that the elements of Aml W, = AW Q,=0

when N = (. For any integer 1 < n; < n, observe that

i

1
N = n1> = T%E(Riwi A Zijj|N =ny) — E(Aimw(k,l)) _
B

(A4)

(M) - Y Bw) - (Blw) - o S Bw) ) 0,

given that E(R;|N = n1) = E(R;|N = n1) = 7L, and N; — n; by Assumption|l}
Now, to show the convergence in probability of the terms of interest we compute the convergence in

(conditional) quadratic mean. We start with the following term
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1 n 2
b ( <n > NAi,me(k’” - E(Ai,niwgk’”o ‘N = m) = (A.5)

1 n x kil kil n x kil k,l
n2<z ZE<<NALM“’@( ) - E(Ai,mwg ))) <NAjvnij(‘ - E(Ajvnjw]( ))> ‘N = n1>.

i i

Let us focus on the first term

1 n ~ k.l k.l 2 1 n

Then,
X w0\’

n2<ZE( im0} > ‘N=n1) = (A.6)
_ 1 n2E R (k,0) 1 R (k) N = 2\ _

1 ( n2< 9 (k1)2 2 1
= — — | ER]IN =n)E(w; """ )1 - —+—

n?2 ;n% N;  N?
— 2B(Ri|N = ny) E(w} ZERrN—m (w™))

J#z

1
+ W ZE(R]UV = nl)E(w](-k’l)z))) =
toj#i

_ 1 1 kD2y (42 LN omn e (k (k) 1 (k)2
_n<zi:n1<E(wi )<1 Ni+Ni2> 2 ZE N. ZE(MJ‘ )) )

J#Z b o#

where we used that E(R;|N = ny) = E(R;|N =ny) = E(R?|N =ny) = L. by Assumptiona) for
large n, the first term

(D2 2 1 C
nanE ( M+Z\72>S’

the second

the third
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11 1 (kl)2> C
=—= — S By} < =
nn (NE; ( J ) = n
Let
n < kil kil 2
- (;z:Ngmwy)—mAmwﬁh> if n1>0
—ni — 7
0 if ng =0
and
_ 2C/n1 Zf ny >0
B =
o if ny=0

1 n (k.0) k0 = =
Bl = —Aj w7 — E(A p,w; N Pr(N =FE(EN) < E(EN).
<<n;N azwz ( 1’Lw’L ) >0 T( >0) ( N) ( N)

Next, we want to study the behavior of Zx when n — co. Observe that, for any € > 0, Pr(ZEy > ¢€) <

Pr(0 < N < 2C/e) < Pr(N < 2C/¢) because Zx can be also zero and the last interval includes the
previous ones. Now for any € > 0 if we apply the Chernoff’s bounds to a sum of bernoully rvs we have:

Pr(N < 2C/e) = Pr(N < (1 —8)np,) < exp(—8*np,/2) — 0,
. Thus, Ex = 0,(1) and given that it is bounded also E(=y) = o(1). For the

5 = (nprn—2C/€)

where o
second term in (A.3)), let us take the first product
n 1 wD\ (P e 11 ko
w0 (B R LS ) ) =
J g

=3;(232E
(A7)

i g

(ki) 1 L

n
(CLS

1 (), (k) (kD) 1 o
_ nQ(zzE@i ) = B3 k)~
[VE g
E(w(k’l)l Zw(k’l)) + E(i1 Zw(k’l) Zw(k’l))) < C/n2 —0
n J nEng g —~ J - ’

g J

N ! 4
7 -
J
by Assumption [5] @). Similar to Lemma [I] a), this holds for all the terms of the products in (A.5).
= o(1).

Therefore, )
1 n x (k) kD)
E((=3 ZA 0w — B(A 0l
( < n Z N )1l wZ ( )1y wZ )

[
Lemma 3. Under Assumptions |§} asn — 00, if 32 i iepi E(z;z;) < C, where C is a positive

constant, then
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Bynp = Bvw = ZEmzmz ZE% )B; + o(1).

Proof of Lemma 3l

Asn — o0, Y AijziAi;z; is full rank and A, exists, so that A;;Q27° = 0, and

1<j,j€B;\1

Bip= Y EQumi(Agx)™ Y E(Ajzi(Ayy,).

i<j,j€Bi\i i<j,j€Bi\i
Moreover, as n get large, by Assumption@ A = ¢,, , which implies E(A;;x;) = 0.
Then, given (1)) and Assumption[2] we have that

E(A,jyl) = E(A”ti,ﬂl) + Aijei + E(AUQZ)
Thus,
Then,
. 1 S\ 1
Bvp =~ > BAjzi(Ayw)) - > E(AjzilijaiB;)+— > B(AymiA6).
PicjjeBii PicjjeBii Pi<jjeBi
W.l.o.g. let us focus on the component-wise convergence of % Zz <jjeB\i E(A;jx;A;0;). Therefore,

1
— ) E(Aixifigbi) < max B(Ayzili6;) < max B|Ayailibi] <

P icjjeBii
max B(|j0:]) max E(18501) = O(1) max E|(8109)] = O(1)o(1) = o(1),
by Assumptions 2] and [5|a) and
1 !
B4 p = <n Z EAija:i(Aij:cg)> - Z E(Ajjzi(ziB; — x;B3;)) + o(1).

P i<ji€Bi\i P i<jjeBi\i

Now, let us focus on % Yicijeni E(Qimi(ziB; — x;B3;)). We have,

p i<j,jEB;\i
1
JEB; Pi<jjeBi\i

Given Assumption the cross moments terms are bounded. Also - Z jen, E(z;x}B;) — 0 given that
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n; < oo, by Assumption[I] Finally,

L S - DE@a - — Y Baal)(B+8;) >

2ilni = 1) 5 " i<jjeBi

. % 3 Blaal)s +o().

We obtain our result by employing the same strategy to the denominator of 3% . The same arguments
can be applied to 3%y -
]

Lemma4. Let {V,;,0 < i < Dy, n > 1} be a real valued random field that is Lo—NED on {6; ,,1 €

D,,, n > 1}, with the scaling factors vy, and the NED coefficients 1 (s) of size —v, pinij; = E(Aij Vi),
R;; .

and 02 = V‘””(Ziqui\i —;%(AUVM- — pij)). Suppose that R;j, ... Ry, are independent of Ai;Vy;,

Assumption and hold, sup,, ;cp, E|(Vai — 11:)[*T° < o0, and sup,, ;cp, Vin < 00 for some

6 >0, infy n, 02 >0,

Z Hnij = 0,

1<j,jEB;i\i

1
— Z Var(AZ-ij») — 0’27

Np = .
1<j,j€B;\i

1
— g ,u?j — K2, and
n

Pli<jjeBii

1 Z Z cov(Vij, Vi) = Oijl-

np = .
1<j,j€B;i\i k#i<l,l€ B \k
Furthermore, there exists a constan C such that,

Z Z E (E <Aijvi — Hij

En(3)> E (Aszk — [kl
i<jEBi\i kti<le By\k

f,m<s>) >0

where o% + pZUz‘jkl + (1 —p*)K? > 0and ny, denotes the number of pairs in the population. Then,

1
Z <ijAz'jVi> iN(O,Uz + 20550 + (1 — p*)K?),

VANp i<j,j€B;\i
where Ny, is the number of sampled pairs.

Proof. To easy the notation let us drop the subscript n from the array. As in|Abadie et al.|(2020) we have
that given d, N,, ~ Bin(ny, p2) with E(N,) = npp?.

N, 2(1—p?
VCLT< 5 p > — pn( _ Zn)np — 0.
pnnP nplon

Then by the continuous mapping theorem, we have
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2\ 1/2
("pp”> 2.
Np

As a consequence, it suffices to prove that

N 2. <J2J> SN0, 0% + pPoiju + (1 — ph)s?).
Ve i<j,j€B;\1 \/[T”

Now define

1
sp=—Var| > (ByAyVi—ohpy)
P i<j,jE€Bi\i

Observe that,

E(RijAzjVi - P%Mij) _o,

Sn\/ TPy,

for n large enough and s2 > 0. Let us now focus on the variance,
Var(Rij A Vi = ppuig).

Focusing on the variance of the first demeaned term we have

Var(RijAijVi— pppij) = Var(Rij Ay Vi) = pa E(A;Vi?) = papis; = pa(Var(Ai; Vi) + (1= pi)pi;)-

We need now to compute the Var (Zi<j,jeBi\i(RiinjVi - (p%,uij))) . This is equal to the sum of the
variances plus an extra covariance term that is equal to the covariances of the pairs which have one unit

in common. Formally,

Var [ Y (RyAyVi— (pppig) | =

i<j,j€B;\i
= 3 (BVar(AyVi) + (1 - i)
i<j,j€B;\i
+ Z Z cov(Ai;j Vi, A Vi).

i<j,J€B:\i (k#i)<l€B{\k
Let us now define ¢,,; = A;;V; — p;5. From the NED definition,
lgin — E(an’}-m(s))np <

(Vi = i) = (Vi = w)llp + 1E((Vi = 1) | Fin(s)) = E((Vj — )| Fjn(s)llp <
Vinw(s) + an¢(5) < Vijn2¢(5)7
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where v;j, = max{v;,v;}. Thus, ¢;, is NED on 6; of the same size, see also Theorem 17.8 pag. 267
in|Davidson| (1994). Given that #; and g,; have uniformly bounded moments, we can set v, = ¢;, = 1
(Jenish and Prucha, 2012). First, observe that given n, R;; is i.i.d. and so is also m-dependent (See
Defintion 3 and Lemma B.4 inXu and Wooldridge, 2022). We check conditions a)-d) in Theorem|[I] Let
us start with a)

)2+6 < 00

sup  E(|qni/cinl
n,i€ Dy,

for some § > 0, where ¢;;, > 0 is a sequence of constants. Setting, ¢;, = 1, allows us to satisfy the
requirement by Assumption. For condition b), we need that for any fixed s > 0, there exist a positive

constatnt C' such that for any n and every nonempty set K C D, E(D ok %E(qm [in|F(s)))? >

fm<s>))2.

CY ick E(%E(qm/jn\}'(s)))z, where j, = max;ep, {Cin, Vin }. Thus, given j,, = 1,

J—“m(s)>>2 >CE Y (%E(Aijvi — i

i<jEB;\i

Ry
E( > \/;»%E<Aijvi — Hij

i<jEB;\i

Focusing on the LHS of the inequality, we have

. AV — s 2
E( 3 R”QE( Vi = i | 7. (s))) - (A8)
i<jeB\i VPn In
E(R}) ?
e > E(Aim—mmn(s)>+
" i<jeEB;\i

+ > > E(E(Aijvi — ij ]-",m(s)>) -

i<j€B;\i k#i<lEBi\k

2

Z E(Aijvi — [hij fm(s)) + Z Z E<E (AijVi — [Lij
i<jEBi\i ki<leBp\k

i<jeB;\i

]:m(s)) E (Alek — [k

]:in(s)> E (Alek — Mkl

)

The RHS can be written as

CE ). (Rij E<AzjVi—Mz‘j

2
i<jeBi\i \V Pn

]:m(s)>>2 = (4-9)

E(RZ 2
(p%”) > E(Az’jvi — i fm(é’)) =
i<jEB\i
2
> E<Az’jVi — [ij fm(S)) :
i<j€B;\i

Thus, using (A.8)-(A.9), we have
> % s(p(awi-n

1<jEB;\i k#i<le B \k

]:m(S)> E (Aszk; — Mkl

]-“;m(s))> > C.

This is sufficient for condition b) to hold within our framework. While the NED coefficients 1 (s) are
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assumed to have a magnitude of size —v (d)), condition e) (stating that the NED scaling factors must
satisfy sup,, ;ep, ci_nlz/m < C < o0) is trivially satisfied.

Therefore,

RijAijVi — pijp;
(B g
’i<j,j€Bi\i (Sn pnnp)

iven that Sn — 1.
g Vo2 +p20im+(1—p?)K?)

Lemma 5. Under Assumptions, and Assumptiona) in|Appendix A.2| Let B = B — Bcond,
and Aijé:i = Aijyi — Aijwiﬁcs — Aijzi’)’cs. Then,

1 . .
Y ——=AymiAye SN0, B+ 2B + (1 - p?) BY)

v/ N,
i<4,J€B;\i p

Proof. Let us start with a). We first study the convergence of this term

72 A
"p i<j,j€B;\i

Without loss of generality, let us focus on the component wise convergence. We have that

1
— Z E(AUQZZAU@) < VvV 1p maxE(walAlﬂl) < vV 1p HlaXE‘AUl‘ZAUQZ| <
VI B " "

Vit max B(| Ay ) max B(|A0i) = O(1) /i max Bl(A56,)] = O(Lo(1) = o(1),

where the second inequality follows by triangular inequality, the third inequality by Cauchy-Schwartz
inequality, the first equality by Assumption [5| a) and Holder’s inequality, and the second equality by
Assumption 7, Consider A;;V,; = a Ajjx;Ajje;. Let us verify the conditions of Lemma E} We start
with 2 3~ E(|V,,;|*°) is bounded by a positive constant for some § > 0.

244 HaH2+5
) )
) < T E(Hwir?* sl + 1181+ N1zl )2 )+

np .= .
1<j,j€B;i\i

1
— E\|AijziAe
e o2 fasmas

PicjjeBi\i

E(\ijllm(lyjl + 241181 + ’|Zj||\|7\|)2+6> <C,

by Minkowski’s inequality and Assumption[5]a). Furthermore,

Z finij = d Z E(AjxiAije;) = 0,

1<j,jEB;\i 1<j,j€B;\i

by defining the coefficient 3%, as orthogonality condition.
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Let a # 0. We have that,

1 1
—Var Z Azg‘/z) = a'Var( Z AijwiAl'j&‘) a —r a/(Bcond + Bcov)a,
" i<ji€Bi\i

Ny .= .
1<j,j€B;i\t

1 1
2 !
— E Hij = —a §
np . = . Np .= ,
1<j,j€Bi\i i<j,j€Bi\i

!
E(AZ]mZAZ]E’L)E<A’ij’lAZj€Z> )a — a’(B“)a.

This implies

1
(Y

i<igenns VIV
Using the Cramer-Wold device, the result follows

Bujeilbie: | SO (B4 FB 4 (1= A)B")a)

1 - ~
Z’j&‘ii%/\/(o,Bcond —i—szCOU + (1 _ p2)Bu).

i<jjE€Bi\i
The proof of b) follows the same arguments.
|

Proof of Proposition/[].

To prove a),
We can write the ND estimator as

A”mlﬁwm; Aijmiﬁijz; )_1 Z ij
. 2 A A

>

@ Ayj(ei + 90)

(fm) _ <B§VD>+< 3

Thus as n — oo and by Lemma [5| with Assumption[7],
Aij ZCiAij’&‘

Byp — B4 AjzAga; AjmiAizi\ 7' 1
JN, (BND IBND> _ (1 3 (~ jil g:c/l \jjai gz/z>> 3 (~ . >+Op(1)
Np i<j,j€Bi\i AijZiAini AijZiAijZi \/Np i<j,j€Bi\i AijziAijgi-

YND —YND

1 - -

<AUQ£$ Al]QiELZ> 1 <AZ]:131A”51> +r
E ~ ~ ny

AZJQZI AUQZZ \/ Np i<jjeBi\i AijziAija-

~

where
~ ~ -1 —1 ~ ~
AW %ij Wiz I EAVL LAV i ] 1 Z (%U%%U&> +o,(1).
A W?Z Az‘jﬂzx A”Qf{z \Y Np i<j,j€B;\i AijziAijEi




Let us focus on )
Z AijziAijgi-

/N,
Pi<jjeBi\i

Rewrite the term as

2
Npps 1 - ~
ﬂn 1/2 Z AijziAijEi.

N, P /2
P i<jjeB\i VY Pn

. 2
As shown in Lemma@ n]’;[ﬂ 21 and
p

E< Z AijZiAijgi) == Z AijZiE(Ai]fi) =0.

i<j,j€Bi\i i<j,j€Bi\i

Now if we show that the element-wise variance is bounded, then this implies that

1

i<j,j€B;\i

by Chebyshev’s inequality. Thus,

Var(n;l/2 Z \/lpﬁAijZiAijEz):

i<jj€Bi\i

nt Y (Var(Ayzidige) + (1— o) (B(AiziAie:))?)
i<jj€Bi\i

+on Y. Y cov(Ajziijei, ApzrApe).

i<4,j€Bi\i (k#£i)<le B{\k

Let us focus on the three terms separately,

”;1 Z (Var(AijZiAijEi):n;1 Z A2 Var(Age) < ng

1<j,jEB;\i 1<j,j€B;\i

n, (1= p2)(B(Agzidge)? = (1= pa)ny,t Y Ayzi(B(Aijes))?, and

1<j,j€B;\i
n~tp? Z Z cov(AijziNijei, Az Apier)
i<j,J€Bi\i (k#i)<leB{\k
<n! Z Z AijziAgzr(E(Aijeize Arier)),

i<j,j€Bi\i (k#i)<le Bi\k

which are bounded by Assumption [5]

Therefore given that A;;€2* = 0 and \/Lpr Zi<j,j€Bi\i Aijzz‘Az‘j&‘ = Op(1), we have

\/ﬁp Z Aijziﬁijsi = Op(l),

45

> AyEE(AE),



1 _ _
Z Az’jmiAijgi + 0p(1).

_|_
VN i<jjeBi\i
The result follows by Lemma [5|and Slutsky’s theorem.
]

VN, (Byp = Bivp) = (A7)~
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Lemma 6. Let {V,;,0 < i < D,,, n > 1} be a real valued random field that is Lo—NED on {6; ,,,i €
D,,, n > 1}, with the scaling factors v, and the NED coefficients 1)(s) of size —v, pn; = E(Vy;), and
o2 =Var(}, \/L(R-V L -2 RV —pn(pi — L - ,uj) Suppose that R;, . .. Ry, are independent
of N, Vi, Assumption I I and. hold sup,, iep, B|(Vai — pi)|*T0 < 00, sup,, iep, Vin < 00 for

some § > 0, inf,, n~! 2>0 and

St — e 2o 1y = 0,

%Z?:l Var(Vm-)<1 — 31> — 02, 1 o (1 — ) — K2

1 1 2 1 1 2 2

n Z?:l E ZjEBi Va’r(an) - Uneigh’ n Z?:l 77% ZjGBi lu’j - Kneigh’

% > nig Zj,keBi cov(V;Vi) = o, 5 Zz P ZﬁézeB cov(V;, Vj) = 0i B,

EDDIDPE COU(( Y jen: >, <Vk - ,le >, Vi)) — OAB;, By

Furthermore, there exist a constant C such that
f;m<s>>) e

> ZE(E (v — i Fm(s>>E<Vk — 1k
fkn(s)>) > C,

i ki
Fanls) ) B = 3 (Vi— )
n 1=
where (0 407, ;o + (1= p) (K> + K2 50) + p(0B; — 0B, + 0AB, B,)) > 0. Then,

MILCED LA
oD (e )

i k#i ' jeB;
N 0 2 2 1— 2 2
’ (U + Uneigh —+ ( p)(’k'; + "ineigh) + pUcov) .

where 0.0y = 0B, — 04 B; + OAB;.B,, and N is the number of sampled units.

Proof. To easy the notation let us drop the subscript n from the array. As in|Abadie et al.|(2020) we have

that N ~ Bin(n, py,).

N N n(l — pp
E[]zl, Var( )an( 2'0)—>0.
NP nPn (npn)

Then by the continuous mapping theorem, we have
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np 1/2p
orn 1.
(%) *

As a consequence, and given that N; — n; by Assumption|[l] it suffices to prove

RS RiVi = 5 5 RiVi\ o
Vi 2 Vi

N(()? (02 + U?leigh + (1 - p)(’k‘;2 + H%eigh) + pUcov)>7

2 _
where 07, = 0B, — 0; B, + 0AB,, B, - Now define

1 1 1
= EV‘“” Z(Rﬂ/% — Pnlbi — N Zj:RjVj + pnnj- Ej:/ﬁj)

%

Observe that,

E(Rm—;ZjRjVj—pn(ui—,;zjuﬁ) 0

Sn+/MPn

for n large enough and s2 > 0. Let us now focus on the variance,
1
Var(R V——ZRV i—n—iz,uj))
J

Let us fix ¢ and focus on the variance of - L Z e V5,

Var< ZRV—anM)— n<n12<vcw(v> (1—pn ) > anz > covVVk>

]EB JEB; JEB; i JEB; k#j€B;
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Thus,
Var(R;V; — — Z R;V; — Z ) (A.10)
JEB ]EB
1
= pu(Var(Vi) + (1= pu)yid) + pnnz< > (Varw;-) F o)+ X con(i))
i \jeEB; JEB; k#£j€B;
— 2cov(R Z R;Vj)
]GB
Var(R;V; — — Z R;V; — Z )
JEB ]EB
2 1
= pulVar(V) + (1~ pu)i) (1 - n) ouy ( S (vart)+a-pd) +m Y Y convivi)
v i \NjeB; JEB; k#jEB;

1
-2 2 iy Vg
L2 3 o))

JF1EB;

We need now to compute the

Var Z(Rm»vi — Y RV - —ZMJ>

) jeB JjEB;

This is equal to the sum of the variances plus two times an extra covariance term that consider the spatial
dependence induced by the mixing process 6. Formally,

>3 cov ( ZRV) <Rka—ZRlVl> =

i ki ]EB l€By,

ZZ <pncov Vi, Vi) — pr— Z cov(V;, Vp) — pini Z cov(Vy, Vj ——pn Z Z cov(V}, V; )

i ki ke, ! jeB; jEB; IEBy,
1 1
ZZ,O% <cov(Vi,Vk) o Z cov(V;, Vp) — o Z cov(Vg, Vj + —— Z Z cov(V}, V; >
i k#i leBy JjEB; JEB; lEBY

2 cow ( - ZV) (k_zv>

i ki i icB, IEBy,
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So plugin in this extra term into (A.10) we have
1 1 B
Var | > RuiVi= =3  RiVi=pulpi = =3 mp) | =
i J J

7

f o (E (Ve 0-pd) XY i) - Lo 3 oV

7

— ;pn [(Va?“(Vi) + (1= po)if) (1 - 2) +

i \jeB; jEB; k#£j€B; jAiEB;
1 1
ca X (e X v ) (n- o S
i ki i ieB; ke,

Let us define gn; = >, Vi — 2= >, Vj — (i — 7= >_; ;). From the NED definition,

ng

qu - E(Qm‘]:m(s))up <
Vi = ) = S (V5 = )l + NEVi = )l Fin()) = B S (V5 = ) ()l <
' jEB; ' jEB;

Vinw(s) + VjEBﬂ/}(S) S Vi,jEBi21/}(S)v

where v; jep, = max{v;,...un, }, Vj € B;. Thus, ¢y, is NED on 6; of the same size, see also Theorem
17.8 pag. 267 in Davidson| (1994). To directly apply Theorem [I] it is convenient to decompose gy, in
two components: the “ individual" and “ neighborhood" ones. Let us start with the the * individual"
component, qi,; = R;(V; — ;). Given that 6; and ¢1,; have uniformly bounded moments, we can set
Vin = Cin = 1 (Jenish and Prucha, 2012). First, observe that given n, R;; is i.i.d. and so is also m-
dependent (See Defintion 3 and Lemma B.4 in[Xu and Wooldridge), 2022)). We check conditions a)-d) in
Theorem[I] Let us start with a)

sup  E(|qini/cin])* T < 00
n,iEDn

for some & > 0, where ¢;;, > 0 is a sequence of constants. Setting, ¢;;, = 1, allows us to satisfy the

requirement by Assumption.

For condition ), we need that for any fixed s > 0, there exist a positive constant C' such that for any n and
every nonempty set K C Dy B(S e 2 E(quni /jalF())* 2 C Siese B(LB(quni/inl F(s)))%

where j, = max;ep, {Cin, Vini}. Thus, given that j,, = 1, let us start with the first part of

(% }E(v . fm<s>))2 > cE Y. (JR/TE(V i fm(3>>)2-

i
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Focusing on the LHS of the inequality, we have
E B g Vi — i | Fin(s) 2: (A.11)
—~ \/Pn

Z o)1) -

R2
By (v | 7
Fin (s)) > .
The RHS can be written as

R 2
CE "BV — ]—'ms>> = (A.12)
2 (7 )

E(R? 2
S (o Futs)) =

Z 2
> E(v — i fm(s)> :
Thus, using (A.T1)-(A.12), we have

DD E <E (w — pi

i ki

' ]:in(s))E(Vk — Mk

Fuls) ) B (= ] Fi9)) ) = €

This is sufficient for condition b) to hold within our framework. While the NED coefficients 1 (s) are

assumed to have a magnitude of size —v (d)), condition e) (stating that the NED scaling factors must
satisfy SUDy, icD,, Cl_nlil/lm' < C < o0) is trivially satisfied. Let us define Q1, = >, %qlm and
o1n = Var(Q1p). By Theorem we have Q1,07,} 4 N(0,1).

Now, let us apply Theorem [I] once again to the “ neighborhood" component. By setting go,; =
1 ZjeB R;(V; — pj), and ¢4, = 12, = 1. Conditions a), c), and e) hold following the same
reasonlng as before for the “ individual" part. Observe that d) holds with the same size because the

process y jep,; Vj for each i has size equal to — minjep; (vjn). However for b) to hold we need a different

]-';m(s)>) > C.

Let us define Q2, = ), ZjeBi n% \/%qgm and o2, = Var(Qa,). By Theorem we have anagnl 4 N(0,1).
Thus, both the “ individual” and “ neighborhood” components are asymptotically normally distributed.

sufficient condition,

S E(e(2 S

i k#l ]GB

Fuls) (o S - )

leBy

Therefore,

Rniv;_i. R;V; — n i_i, i Mg
Z( oy Z] (; ]p i)(ﬂ Py Zjﬂ]))i/\/(o,l),
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iven that Sn —1.and > gy — 250 —
: \/ 2+Unezqh+(1 p) (K2 +Hnelqh)+p0'cov ’ 27‘ Hini g ZJGBZ' Hj

Lemma 7. Under Assumptions, t@ @ and Assumptzon n b ) in|Appendix A.2| Let By, Behw
BSd, and B, = By, — By, + Byyi™*. Then
I X d
Z 7Ai,nimiAi,ni5i —
—~ VN
N<O= (BYE + Bnelgh + (1= p)(Byw + Bunezgh) +pBRy )>'

Proof. We first study the convergence of this term

Without loss of generality, let us focus on the component-wise convergence. We have that

1
—= > B(Ainwilin,0;) < Vnmax B(An,xilip,0i) < Vimax E|Ap,2i0n,0i <
VR4 Z z

vnmax B(|Agz]) max E(|Ay0]) = O(1)v/n max E|(Ay0;)] = O(1)o(1) = o(1),

where the first inequality follows by triangular inequality, the third inequality by Cauchy-Schwartz in-
equality, the first equality by Assumption [5|a) and Holder’s inequality, and the second equality by As-
sumption (7} Consider A; ,,Vyi = a’A; @i A p,€i. Let us verify the conditions of Lemma We start
with 1 3 F (|Vpi|>*9) is bounded by a positive constant for some § > 0.

1 N o llalP* 245 245
S 3 ([|nmina| ) < TS B (e P+ 8 )

Hall“‘S

ZE<H%H2”(IyJ\+ HwJIHIﬂIHIZJ|H7H)2+5> <c

J

by Minkowski’s inequality and Assumption[5]a). Furthermore,

1
Zﬂm’ - E Z,U,j =0=4d ZE(Al7nlm7fA7‘7nZEZ) = 0,
i j i

by defining the coefficient 3%;, as orthogonality condition. Let

LS Var(Vi) <1 — n{) = a’<71l > Var(zie) <1 — >>a — o/ B$%a,

% Sy uf (1 — n{) = a’<7ll > E(xig)E(xie;) (1 — >>a — a BYya,
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" i n; 2ujen, Var(Voj) = a/(}z 2 # YjeB, VW(%@))CL — a/ B9,
% dicy n% ZjeBi ,UJQ‘ =d (31 S n%z ZjeBl- E(xzjej)E(xje;) >a N a'B“"elgha,
=D ;12 2 jen, 2kzjen, cov(ViVi) = d (}1 > % D jeB; 2okjeB; COV <(mj€j)v (mkEk)>)a — d'Byjya,
% 2 # Zj;éieBi cov(V;, V) = d <711 > r% Ej;éieBi cov <(wifz’)a (%‘%’)))a — a’BNWa

% i 2opesti COV (Ai,mvia AV Vk) =d <71L D 2osti COU ((Ai,mwia Ain;€i) (Db, Ty Doy 5k)> > a—

' PAB; By,
a By ta

)

and By, = B]B\',"'W B’BW + BAB Br By Lemma@ this implies
;1 A A d
a ﬁ Z Ai,nimiAi,mEi —
i
A (0.0 (B + B+ (1 o) (Bl + BR) 4 0B Ja ).

Using the Cramer-Wold device, the result follows

1 A X d
TN Z DN, TiNi €0 —
i
N <° (BYE + By + (1= p)(Biw + Byyp™) + pBh >> '
]

Proof of Proposition[2.

We can write the NW estimator as

A C A . . A . / 71 A . . A . . .
i NEed) M N
IBNW _ /6NW + (Z A”:B Aznm Ajp, il\ipn, z > Z Ajp,xilip (51"“91)
’AYNW 7?\[[/[/ i Az n; ZzAz Mg X Ai,ni ZiAi,niZ; P Ai,ni ziAi,ni (51' + 91,)
Thus as n — oo and by Lemma [5| with Assumption[7],
W BNW - /B?VW _ <1 Z Az,nzszz,nza?; Az ng sz’L N =g > Z z nzil?z i,n;€i Yo (1)
p| . e N S\ D 2ilDin, X Din,2ilDin, 25 VN Ainizili e P

YNW — YNW
—1 - -
RDin S0 Din 27 1 Bim@ilin€i|
= ~ ~ TTL?
A 2i D ;€

Ain, % A Q) N

S.M
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where
- - 1 -1 - -
A WEE N, W AR 0 oA VI § S 1 N TN €

Tn — N ELA 2 o N s . _ ELA 2 o ) . Z B s e N ELAE 2 +0p(1)
TAVE 7 sl VI ¥ st TAVESE 0 VA VSN § 58 VN ~ \Qinzilinci

Let us focus on

1 - .
ﬁ Z Ai,ni ZiAi7n,L-Ei.
%

.

. 2
As shown in Lemma@ % 21 and

Rewrite the term as

A nlzz i,n;€i-

E(Z Ai,mziAi,niEi) = Z Ai,niZiE(Ai,niEi) = 0.
i i
Now if we show that the element-wise variance is bounded, then this implies that
LS Aspzidipe: = 0y(1)
e i,n; 2iRin; € = Upll),
VN 2

by Chebyshev’s inequality. Thus,

i

Var (nm Z \/%Ai,mzi&,meo =n"Var ( > \/%Amzi&,meo = (A.13)
> [(VW(%&') + (1= pn)(E(zi£:))%) (1 - 2) +

2

+ 13( > (VC”"(Zjﬁj) +(1- Pn)(E(Zj5j))2) +on Y COU(W@ZWH) - %Pn > cov(ziei, zjgj)+

n; 7

JEB; J,k€B; JFIEB;
1 1
+ Pn ZZCOU Z; €5 — — Z zi€j |y | 2k — — Z 2I1E] .
- n; ng
T k#i JjEB; leBy

The first terms,

n! Z Var(ze) =n"" Z 2Var(s;) <n? Z 22E(e7)
i
(1= pa)n™! Z (zig0))? = (1= p)n™" Z ZE(E(Q‘))27 and
i
n"Lpn Z cov(zjej, zrer) < n Z zizp(E(2zjej26€k))s

J.k€B; JkEB;

are bounded by Assumption [5] The same can be applied to the other terms. Therefore given that
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Ay, 277 =0 and \/% S A, ziAj nei = O,(1), we have

VN@Byw = Bivw) = (Rin 25+ —= D Ainailinei + 0p(1).

1
VN
The result follows by Lemma [7]and Slutsky’s theorem.

]

Proof of Lemma[2.
First, observe that by Lemma|[T]and [6] X exists, it is equal to ¢,, and
-1
5\ — A= Z Aijmiﬁijzé Z A,-jziﬁijz; £> 0.

1<j,jEB;\i i1<j,jEB;\i

Then using the definition of A= Zz’<j,jeBz-\i(Aijti — j\Aijzi)(Azjti — j\Aijzi)’, we have

A— AW = XA=XNA;WZA =X = AgWEA=A) = (A= XNA;WE 5o
Thus, Lemma (1| and Assumption |[5|imply that A % A that is full rank. In the same way, we can show
that ANW £> Anw.

Let us define

~ ecov 1 ~ ~ ~ ;X
no =N Ajjxi Ajje; Ay Ape,
P i<jjeB\i ki<l l€Bi\k
g - Aye?A iy
B, =+ Y. AyetAijmida;,
PicjjeBi\i
7~ ECOU 1 ~ ~ A X /X .
B, = N Z AN Nij€i Ay, Aiéy,
P i< j€B\i k#i<ll€B;\k
Hehw X 2K X /
Bn = F Z Az‘jé‘i AUCIZZA”wZ
PicjjeBi
1
B, =~ > > BAgmiAijeiAgziAe),
P i<jjeBi\i k#i<llEB,\k
and )
h 2 : 2 /
BfL W= ; E(AZJEZ AZ]iBlAUCCZ)
Pli<jjeBi\i
Let us define, B“”" = - 37 3 1 AijéiApénAyji; Ay, and
et us denne, =N, i<j,jE€B;\i ki<l le Bp\k (k€B;|i€ Bk |k=j|i=l) ij €I kI€E zng kI, anl
7y chw 1 X 2K A KAt .on ~ehw A ecov . «
B = Yicjjenni Qi€ AT A andrewrite B = (B +B ). Observe thatnh_{& E(B) =

B 4 p2 BV Subsequently, employing the same rationale as presented in the proof of Lemma 2 in
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Abadie et al/ (2020) (page 293), we can demonstrate that B — (B 4 p2 BeY) 2, 0 under the con-
ditions of Assumptlons I) with § =4 and I where B*“°Y = lim B;“". This derivation utilizes both

n—oo

the moment convergences presented in in Lemmala ), the assertion that ,8 ND s ~p as established in
Proposition |1 l and Y xp it ~np (using again Lernmal a)). Using the same reasoning, we can show
that By — (BYViw chw | By ehwnelg hy pBS) %, 0, under the conditions of Assumptions ) with § = 4
and O] This derivation utlhzes both the moment convergences presented in Lemma [I] b), the assertion
that 3 NW ReNG N as established in Proposition and 4y By N (using again Lemmab)).

]

Appendix A.3. Set cardinalities for irregular lattices
We report Lemma A.1 (ii) and (iii) in Jenish and Pruchal (2009).

Lemma8. Let D C R%, dy > 1, be an infinitely countable unevenly spaced lattice. For any distance
d there are at most kyd% points in Bid and kyd®—1 points in Bg/BZd*l, where ky and ko are positive
constants.

Appendix A.4. Homoskedastic case

When errors are homoskedastic, i.e. E(e€’| X, ) = 021, then a consistent estimator of the asymp-

totic variance of the ND estimator is
AL (A.14)

with
B"" - X'D'DD'DX,
(A.15)

and an unbiased estimator of o2 (see also, e.g. Duranton et al., 2011) is
.. -1
6’2 = tT(DD/) — tT(AB)} Z AZJQAZ]Q (A.16)
i<j,j€B;\i
Similarly, for the NW estimator we have

~_hom ~ hom

Vw = 62A, By A, (A.17)

R . Ao . . . .
where B m[/)m have the same formulation of B with Gy, in place of D, while an unbiased estimator of ¢
is

= [tr(G.GY)] ZAZ N (A.18)
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Appendix A.5. Sequential Hausman-like tests and error rate

This Appendix shows that the sequence of Hausman-like tests performed to find the optimal threshold
d* does not result in more frequent rejection of the true hypotheses. In doing so, we follow the approach
for testing hypotheses in order given by Rosenbaum (ZOOS)E LetD =1,2...,k beatotally ordered set
with order <. In our framework, D represents the set of threshold distances. Let Hy, d € D, be a class
of hypotheses, indexed by the threshold d. For each hypothesis, H, the researcher fixes a nominal size
a. If Hy is true then pr(pg < a) < a, where pg is the p-value for the Hausman-like test implemented
at the threshold distance d. The sequence of hypotheses H, is indexed by all the distances that satisfy
the inequality d < d*. In this context, the distance threshold x — 1 is preferred to k, i.e. K = kK — 1 if
k — 1 < k. Further, we assume that there is some H 4+, that is true and for all d < d*, H is false.

Sequential Hausman-like Tests procedure. For each d € D, test H; at nominal size « if and only
if Hy,, di € D, has been previously tested (at nominal size «) and rejected for all d; < d(d; < d);

otherwise do not test H,.

The Sequential Hausman-like Tests procedure falls into the Method 1. proposed in [Rosenbaum
(2008). The author shows that the probability of the researcher rejecting at least one true hypothesis
using Method 1. is at most o (Proposition 1). In other words, under these assumptions and the ordering

nature of the hypotheses, the sequentiality of this procedure does not affect the probability of type I error.

YSales|(2017) provides an alternative method for sequential specification tests using an illustrative example similar to ours: the
selection of bandwidth for a regression discontinuity design.
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